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1. Introduction

Several problems of coding theory, cryptography and combinatorics require the study
of the set of rational points of varieties defined over a finite field I, on which the sym-
metric group of permutations of the coordinates acts. In coding theory, deep holes in the
standard Reed—Solomon code over [F; can be expressed in terms of the set of zeros with
coefficients in F, of certain symmetric polynomials associated to the code (see, e.g., [16]
or [8]). In cryptography, the characterization of monomials defining an almost perfect
nonlinear polynomial or a differentially uniform mapping can be reduced to estimate the
number of F,—rational zeros of some symmetric polynomials (see, e.g., [36] or [1]). Finally,
several applications in combinatorics over finite fields, such as the determination of the
average cardinality of the value set and the distribution of factorization patterns of fam-
ilies of univariate polynomials with coefficients in IF;, has also been expressed in terms of
the number of common F,—rational zeros of symmetric polynomials defined over F, (see
[14] and [15]). In [8], [14], [31], [15] and [33] we have developed a methodology to deal
with some of the problems mentioned above. This methodology relies on the study of the
geometry of the set of common zeros of the symmetric polynomials under consideration
over the algebraic closure of I,. By means of such study we were able to prove that, in
all the cases, the set of common zeros in F, of the involved polynomials is a complete
intersection whose singular locus has a “controlled” dimension. This allowed us to ap-
ply certain explicit estimates on the number of [F,—rational zeros of projective complete
intersections defined over [, to obtain a conclusion for the problem under consideration
(see, e.g., [24], [7], [9] or [32]).

The purpose of this article is twofold. On one hand, we apply our techniques to
the problem of estimating the number of F,—rational solutions of certain variants of
diagonal equations. On the other hand, we present a more general framework of the
theory by extending the aforementioned methodology to a wider class of varieties defined
by polynomials evaluated in symmetric polynomials.

We shall consider three well known classes of polynomial equations over finite fields:
deformed diagonal equations, generalized Markoff-Hurwitz-type equations and Carlitz’s
equations. All previous results on the number of [F,~rational solutions of these types of
equations rely on techniques of combinatorial analysis, so our approach to the study
these problems is novel.

Deformed diagonal equations. Given g € F,[X1,. .., X,], a deformed diagonal equation
is an equation of the type

f=aX"+ -+ X' +9g=0,

where ¢; € [, \ {0} and deg(g) < m. In comparison with diagonal equations, which
correspond to the case where g is a constant polynomial, there are much fewer results
about the number of Fj-solutions of deformed diagonal equations. In [11], L. Carlitz
provides a result which guarantees the existence of an F;-rational solution of a deformed
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diagonal equation when char(F,) divides m — 1. Later, in 2006, B. Felszeghy [22] extends
Carlitz’s result by dropping the requirement over char(lF;), but which holds only for
prime fields. Another generalization was provided by Castro et. al. [13] for the case
when the exponents are not necessarily equal by computing the exact p-divisibility of
certain exponential sums. On the other hand, A. Adolphson and S. Sperber [3] used
Newton polyhedra to prove a result that derives an estimate on the number of F,~rational
solutions of this type of equations. In this article we improve the existence results in
the literature imposing no restriction to the characteristic of the field and extending
Felszeghy’s for several cases. Furthermore, we give an estimate on the number N, of
[F,~rational solutions of these type of equations: we prove that N, = ¢"~! + O(q"/ 2),
providing an explicit expression for the constant underlying the O notation.
Generalized Markoff-Hurwitz-type equations. These are of the form

(a1 X7 4+ ap X a) =X X

where n,m1,..., My, k1,...,kn, k are positive integers, a,b € F, and a; € F, \ {0},
1 < i < n. Generalized Markoff-Hurwitz-type equations have been well studied in the
special case a = 0. Moreover, several papers provide explicit formulas of the number of
[F,—rational solutions of this type of equations in very particular cases (see, e.g., [4]). In
this article, we concentrate in the case a # 0 and k = 1. More precisely, we obtain an
estimate on N*, the number of I,—rational solutions with the condition that ; - - - z,, # 0.
This estimate improves Mordell’s [34] for the case m := m; = --- = m,, since our
result holds without conditions on the characteristic of the field and we require that
m > ki + -+ + k, instead of ky = --- = k, = 1. Also, our estimate improves Mordell’s
by determining an extra term in the asymptotic development of N* in terms of q.
Carlitz’s equations. These are of the form

hl(Xl) + -+ hn(Xn) =9,

where h; = aq;T% + -+ ag,; € F,[T], deg(h;) =d for 1 <i<nand g€ F,[X,...,X,]
is such that deg(g) < d. In this case, we provide an explicit estimate on the number N of
[F,—solutions of this type of equations which implies that N = ¢"~1 + (’)(q”/ 2). We also
provide an explicit upper bound for the constant underlying the O notation in terms of
d and n. This result improves Carlitz’s estimate N = ¢"~! + O(¢"~"), where w = ﬁ
and the constant implied by the O is not explicitly given (see [10]). Moreover, Carlitz’s
result only holds when g is a constant polynomial. We also obtain an existence result
which improves Carlitz’s in several aspects. Finally, as a particular case of this type of
equations, we study the Dickson’s equations.

All the aforementioned results complement those existing in the literature.

Our other main objective is the extension of our geometric methodology to a more
general type of equations: those given by polynomials evaluated in power-sum polyno-
mials. More precisely, let P, = X" +--- 4+ X"’ be the mj-power sum polynomial
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of F[X1,...,X,] and g € F, or g € F,[Xy,...,X,] be a polynomial with deg(g) <
c(my,...,mq), where c(my,...,mg) is a constant which depends on my,...,mq. We
consider new indeterminates Y1, ..., Y, over [, and f € F,[Y1,...,Yy]. Our purpose is to
estimate the number of F,—solutions of the following type of equations:

f(Pmyy-v s Pm,)+g=0.

We quickly outline our methodology to provide insight on the ideas behind it. Let wt :
F,[Y1,...,Ys) — N be the weight defined by setting wt(Y;) := m; for 1 < j < d and
let wt(f) be the weight of f. The equation above can be rewritten in the following way:

f(PmN.“’Pmd)_'_X‘th(f)+...+XTV£’t(f)+gl =0,

where g1 € F,[X1,...,X,] and deg(g1) < wt(f). We concentrate on the more general
problem of estimating the number of [F,—rational solutions of the equation

fPmyyeo s Poy) + X7+ + X2+ 91 =0,

where g1 € F;[X1,...,X,] and deg(g1) < e for any positive integer e. Let f** stand for
the component of highest weight of f and let Vf and V f** be the gradients of f and
St respectively. Suppose that the following hypotheses hold:

(Hy) Vf # 0 on every point of A?,
(Hs) Vf“t 0 on every point of A9,

and let Ry be the polynomial Ry := f(Pp,,..., Pn,) + X{ + -+ X5 + g1. We shall
study the geometric properties of the affine hypersurfaces V, :== V(R,) C A™ with similar
arguments as those in the papers cited above. In order to estimate the number of F-
rational points of V; we consider pcl(V;), the projective closure of V. We shall provide a
suitable bound of the dimension of the singular locus of pcl(V;) which allows us to prove
that pcl(V,) is absolutely irreducible. Then, applying estimates for absolutely irreducible
singular projective varieties [24], we can provide the main result of this part.

Theorem 1.1. Let d,n,e be positive integers such that 1 < d <n —3. Let my,...,mq be
positive integers with my < --- < mg and e # m; for 1 < i < d. Assume that char(F,)
does not divide e and m; for all1 < j <d. Let V; = V(R,) C A™ be the variety defined
by Ry = f(Pmy,--., Pmy) + g with f € Fy[Y1,...,Yy] and g € [ Xy, ..., X,] of degree e
defined as g = X{ +---+ X5 + g1. Suppose that (H1) — (Hs) hold, and let 6 := deg(Ry).
Then we have the following estimates on |Vy(IF,)|, the number of F,—rational points of
Vy:

o ife<deg(Ry—g)

n+d—4

Vo)l = q" 7 < (6*? + 1)a™ 2 ((6—1)" "2 +6(5+2)"),
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o ife=deg(Ry; —g)

d 3

WVo(E)l = ¢" [ < (g+1)g" = ((6-1)""""¢"* +6(5+2)"),
o ife>deg(Ry —g)
HV ‘ 7qn 1’ <q 5 (((571)”7‘171(]1/2+6((5+2)n)q(d+1)/2+(571)n71).

On the other hand, if g € I, we have that

d 4

Vo)l =" < (g+1)g % ((6—1)"g"? +6(5+2)").

The paper is organized as follows. In Section 2 we collect the notions of algebraic
geometry we use. In Section 3 we study the geometric properties of the deformed hyper-
surfaces Vy; and we settle Theorem 1.1. Finally, in Section 4 we apply our methodology
to obtain estimates and existence results of deformed diagonal equations, generalized
Markoff-Hurwitz-type equations and Carlitz’s equations.

2. Basic notions of algebraic geometry

In this section we collect the basic definitions and facts of algebraic geometry that we
need in the sequel. We use standard notions and notations which can be found in, e.g.,
[28], [37].

Let K be any of the fields F, or F,. We denote by A" the affine r—dimensional space
qu and by P" the projective r—dimensional space over Ef“. Both spaces are endowed
with their respective Zariski topologies over K, for which a closed set is the zero locus
of a set of polynomials of K[Xy,...,X,], or of a set of homogeneous polynomials of
K[Xo, ..., X].

A subset V C P" is a projective variety defined over K (or a projective K—variety for
short) if it is the set of common zeros in P” of homogeneous polynomials Fi, ..., F,, €
K[Xo,...,X;]. Correspondingly, an affine variety of A" defined over K (or an affine
K—variety) is the set of common zeros in A" of polynomials Fi, ..., F, € K[X1,..., X,].
We think a projective or affine K—variety to be equipped with the induced Zariski topol-
ogy. We shall denote by {F; =0,...,F,, =0} or V(Fy,...,F,,) the affine or projective
K—variety consisting of the common zeros of Fy, ..., Fy,.

In the remaining part of this section, unless otherwise stated, all results referring to
varieties in general should be understood as valid for both projective and affine varieties.

A K-variety V is irreducible if it cannot be expressed as a finite union of proper
K—subvarieties of V. Further, V' is absolutely irreducible if it is quirreducible as a
quvariety. Any K—variety V' can be expressed as an irredundant union V' =Cy U---UCj
of irreducible (absolutely irreducible) K—varieties, unique up to reordering, called the
irreducible (absolutely irreducible) K—components of V.
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For a K—variety V contained in P" or A", its defining ideal I1(V') is the set of polynomi-
als of K[ Xy, ..., X,], or of K[X1,...,X,], vanishing on V. The coordinate ring K[V] of V
is the quotient ring K[Xy,..., X, ]/I(V) or K[X1,...,X,]/I(V). The dimension dimV
of V is the length n of a longest chain Vy & Vi & --- & V,, of nonempty irreducible
K—varieties contained in V. We say that V has pure dimension n if every irreducible
K—component of V' has dimension n. A K—variety of P” or A" of pure dimension r — 1
is called a K—hypersurface. A K—hypersurface of P" (or A") can also be described as the
set of zeros of a single nonzero polynomial of K[Xy, ..., X,] (or of K[X,...,X,]).

The degree deg V of an irreducible K—variety V' is the maximum of |V N L|, considering
all the linear spaces L of codimension dim V" such that |V N L| < co. More generally,
following [26] (see also [23]), if V' = C1U- - -UC, is the decomposition of V' into irreducible
K—components, we define the degree of V' as

degV := idegci.

i=1

The degree of a K-hypersurface V' is the degree of a polynomial of minimal degree
defining V.

Let V C A" be a K—variety, I(V) C K[Xq,..., X,] its defining ideal and x a point of
V. The dimension dim, V of V at x is the maximum of the dimensions of the irreducible
K-components of V' containing x. If I(V) = (F4,..., F,,), the tangent space T,V to V
at x is the kernel of the Jacobian matrix (0F;/0X;)i1<i<m,1<j<r(x) of F1,..., F,, with
respect to Xi,..., X, at . We have dim 7,V > dim, V (see, e.g., [37, page 94]). The
point x is reqular if dim 7,V = dim, V'; otherwise, x is called singular. The set of singular
points of V' is the singular locus of V; it is a closed K—subvariety of V. A variety is called
nonsingular if its singular locus is empty. For projective varieties, the concepts of tangent
space, regular and singular point can be defined by considering an affine neighborhood
of the point under consideration.

2.1. Rational points

Let P (IF,) be the r—dimensional projective space over F, and A"(F,) the r—dimensional
[F;~vector space F;". For a projective variety V' C P" or an affine variety V' C A", we
denote by V(F,) the set of [,-rational points of V, namely V(F,) := V N P"(F,) in the
projective case and V(IF;) := V N A"(E,) in the affine case. For an affine variety V' of
dimension n and degree ¢, we have the following bound (see, e.g., [6, Lemma 2.1]):

V()| <dq".

On the other hand, if V' is a projective variety of dimension n and degree 9, then we
have the following bound (see [24, Proposition 12.1] or [7, Proposition 3.1]; see [29] for
more precise upper bounds):
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[V (E)| < 0pn,
where p, == ¢" +¢" 1+ +q+ 1 = |P"(F,)|
2.2. Complete intersections

Elements Fy,..., F, in K[Xy,..., X,] or K[X,...,X,] form a regular sequence if F}

is nonzero and no F; is zero or a zero divisor in the quotient ring K[Xq,..., X,]/(F1,
. Fiq) or K[Xo,..., X, )/(Fi,...,Fi—1) for 2 < ¢ < m. In such a case, the (affine
or projective) variety V := V(Fy,..., Fy,) they define is equidimensional of dimension

r —m, and is called a set—theoretic complete intersection.

For given positive integers ay,...,a,, we define the weight wt(X®) of a monomial
X% =X X2 aswt(X®) ==Y, a;-a;. The weight wt(f) of an arbitrary element
f € K[Xq,...,X,] is the highest weight of all the monomials with nonzero coefficients
arising in the dense representation of f.

Lemma 2.1. /33, Lemma 5.4] Let F1,...,F,, € K[Xy,...,X,]. For an assignment of
positive integer weights wt to the variables Xy, ..., X,, denote by FY'*, ... F" the com-
ponents of highest weight of Fy,...,Fy. If FY',...,F* form a regular sequence in
K[X1,...,X,], then Fy,..., Fy, form a regular sequence in K[X1,..., X,].

3. Deformed hypersurfaces defined by m ;—power sums

In this section we shall develop the extension of the methodology used in [8], [14], [31],
[15] and [33] to the more general case of equations given by polynomials evaluated in
power-sum polynomials. Let d,n, e be positive integers such that 1 < d < n — 3 and let
mi, ..., Mg be positive integers with m; < --- < mgand e # m; for 1 < ¢ < d. We assume
that Char(IFq) does not divide e and m; forall 1 < j <d. Let Y7, ..., Yy be indeterminates
over F, and let f € F,[Y1,...,Yy]. We consider the weight wt : F,[Y3,...,Yy] — N
defined by setting wt(Y;) := m; for 1 < j < d and denote by f** the component
of highest weight of f. Let Vf and V /" be the gradients of f and f"' respectively.
Suppose that the following hypotheses hold:

(Hy) Vf #0 on every point of A%,
(H) Vf“t % 0 on every point of A?.

Let Xi,..., X, be new indeterminates over [F,. We consider the mj-power sum P, =

XY+ 4+ X7, 1<j<d. Finally, let g € F, orlet g € F,[X1,..., X,] be the following
polynomial

g=X{+-+ X+, (3.1)



8 M. Pérez, M. Privitelli / Finite Fields and Their Applications 68 (2020) 101728

where g1 € F[Xi,...,X,] and deg(g1) < e. Our aim is to estimate the number of
F,~rational solutions of the equation

f(Pmyy-voyPm,)+9g=0.
To do this, we consider R, € F;[X1,...,X,] the polynomial
Ry = f(Pmy,---sPmy) +9. (3.2)

Let V, := V(Ry) C A™ be the F,-affine hypersurface defined by R,. We call V, a
deformed hypersurface defined by the mj;-powers sum with coefficients in [,. We shall
study some facts concerning the geometry of V. For this purpose, we need to obtain an
upper bound of the dimension of ¥, the singular locus of V;. Then, for a given x € A",
we shall consider the following (d x n)—matrix A(x):

0Py, 9Py,
X, (x) X, (x)

Ax) = : : (3.3)
0P, 0P,
ox, X Gy ®)

By the chain rule, we deduce that the partial derivatives of f(P)(X) satisfy the following
equality for 1 < j < mn:

Of(P) (Of .\ OPu, of  _\ 0P,
ax;, (an °P> ax, +<aYdOP> ax,

where P = (P,,,,...,Pny,). Suppose firstly that g is defined as in (3.1). For any x € £,
we have

VRy(x) = Vf(P(x)) - A(x) + Vg(x) =0.
Then y := Vf(P(x)) is a solution of the system
A'(x)Y" = -Vg(x)". (3.4)
Observe that for Vg(x) =0 (H;) implies that (3.4) has a nonzero solution. Therefore
rank(A(x)) < d. On the other hand, if Vg(x) #0, either rank(A(x)) < d or rank(A(x)) =
rank(M4(x)) = d, where M4(x) is the augmented matrix of the system (3.4). Hence

¥4 C Z1 U Zy, where Z; and Z5 are the following sets:

Zy ={x € A" : rank(A(x)) < d}
Zy ={x € A" : rank(A(x)) = rank(M4(x)) = d}.
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Suppose now that g € IF; and let x € ¥,. We have that
VRy(x) = Vf(P(x)) - A(x) = 0.

From (H;), we have that y := Vf(P(x)) is a nonzero solution of the homogeneous
system

Al(x)Yt =0.

We conclude that rank(A(x)) < d. Therefore x € Z; and £, C Z;.
We next obtain an upper bound of the dimension of Z;. In what follows, VDM (X7,
..., Xt) stands for the Vandermonde matrix in the variables X7, ..., X;.

Proposition 3.1. Z; has dimension at most d — 1.

Proof. Observe that

where V; := {x € A" : rank(A(x)) = j}. Since char(F,) does not divide my, for all
1 <k <d then

m Xl my Xt
A(X) = : : . (3.5)

mg X g X e

Fix j for 0 < j < d — 1. We shall prove that the dimension of V; is at most d — 1.
Let x € Vj, so rank(A(x)) = j. Thus, there exists a (j x j)-submatrix of A(x) of
rank = j. Suppose without loss of generality that this submatrix consists of the first j
rows and the first j columns of A(x). Let C4,. .., C,, denote the columns of A(X) and let
A(Ch,...,C;,Cy) be the ((j+ 1) x (j + 1))-submatrix of A(X) consisting of the entries
of the first j + 1 rows and the columns C4,...,C;,Cy, j+1 < k <n. By [5, Proposition
5], x belongs to the set of common zeros of the (n — j) F,—equations

detA(Cl,...,Cj,Ck) =0, j+1<k<n.
Now, from [20, Theorem 2.1]:

det A(Cy,...,C},Cr)(X)
= Hf:1leDM(X17 . 7Xj>H{:1Xz77“71(Xk —X)P(Xk), j+1<k<n,
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for some P € F,[T]. Since the principal minor of A(x) is nonzero, we deduce that x; # 0,
1 <1 <yj,and o # @, 1 < m < n < j. Therefore x € V(Qj41,...,Qn), Where
Qi = H{Zl(Xk — X;)P(Xy). We claim that Q;11,...,Q, form a regular sequence of
F,[X1,...,X,]. Indeed, consider the graded lexicographic order of F,[X7,...,X,] with
X, > Xp-1 > -+ > X;. With this order we have that Lt(Qg) = X,z . P,g, where
Lt(Qy) denotes the leading terms of the polynomials @y and Py is the leading term of
P. Thus Lt(Qk), j + 1 < k < n, are relatively prime and they form a Grobner basis
of the ideal J that they generate (see, e.g., [18, §2.9, Proposition 4]). Hence, the initial
of the ideal J is generated by Lt(Q;+1),...,Lt(Qn), which form a regular sequence
of F,[X1,...,X,]. Therefore, by [21, Proposition 15.15], the polynomials Q;11,...,Qx
form a regular sequence of F;[X1,...,X,]. We conclude that V(Qj41,...,Qn) is a set
complete intersection of A™ of dimension j.

Observe finally that, given x € Vj, there exists a (d x n)-matrix A’'(X) obtained by
rearranging the columns of A(X) with nonzero principal minor. Therefore, by the same
arguments as above, Vj is included in an union of I,-varieties of dimension j. Thus, Z;
has dimension at most d — 1. O

Now, we obtain an upper bound of the dimension of Z5. First we need the following
remark.

Remark 3.2. For all x € Z;, V(g(x)) # 0. Indeed, V(g(x)) = 0 implies that the sys-
tem (3.4) is homogeneous. Since it has a nonzero solution then rank(A(x)) < d, which
contradicts x € Zs.

Proposition 3.3. The dimension of Zs is at most d.

Proof. Let x € Zs, so rank(A(x)) = d. Thus, there exists a (d x d)-submatrix B(x) of
A(x) of rank = d. Suppose that this submatrix consists of the first d rows and columns of
A(x). Then x € B :={x € A" : det B(x) # 0, rank(M,(x)) = d}. Taking into account
that

mypx Tt gt
det B(x) := det : g #0 (3.6)
max Tt mgae !

and [5, Proposition 5], we have that B = V(Fyi1,...,F,), where Fj € F[Xq,...,X,],
d+ 1 < j < n, are the polynomials:

leimlil s le(;n171 le;nlil
F] = det deInd_l . deénd—l de;nd—l
Og Og Og

T oX, o T 9X, T oX;
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By the definition of g, the component F fcg(F"') of highest degree of F} is the following

polynomial:
Xmlfl Xmlfl Xm171
miAq cee mq d ma j
deg(Fj) ._ I g ——
F; i= det mgX Tt mg X" ! ma X" !
e—1 e—1 e—1
eX] eX, eX;

From [20, Theorem 2.1] we have that

Fdeg(Fj)

‘ — eI m VDM(Xy, ..., X)T{_ X tmee =l x . X P(X;) ,d+1 < j <n,

for some P € F,[T]. From (3.6) we deduce that z # 0, 1 < k < d, and z; # xy,

1 < i < k < d. Therefore V(F;jgiFd+1,...,FjdegFj) = V(Qd+1,---,Q;), where

d+1<j<nand Q;:= H%Zl(Xj — X%)P(Xj). The same reasoning as in the proof of

Proposition 3.1 shows that Qgt1,...,Q, form a regular sequence of F,[Xy,...,X,].
Hence, dim V(FgﬁF‘”l,...,FfegEj) =n—j+dfor d+1 < j < n. Therefore,
F;jgle“, ..., FdeeFu form a regular sequence of F,[X7,...,X,] and, by Lemma 2.1,
Fi+1,. .., F, form a regular sequence of F,[X7, ..., X,]. This proves B has dimension at
most d.

Finally, observe that, given x € Zs, there exists a (d x n)-matrix A’(X) obtained
from A(X) by reordering its columns, with the condition that the principal minor of
A’(X) is nonzero. Therefore, we conclude that Z5 is included in an union of Fj-varieties
of dimension at most d. O

From Proposition 3.1 and Proposition 3.3 we obtain the following result.

Theorem 3.4. Let 1 < d <n—3. Let f € F[Y1,...,Yy] and g € F,[X1,...,X,,] defined
as in (3.1) such that (Hy) — (Hs) hold and R, is defined as in (3.2). The singular locus
¥y of Vg has dimension at most d. On the other hand, if g € IF;, singular locus 34 of V,
has dimension at most d — 1.

We shall also need information concerning the behavior of V; at “infinity”. For this
purpose, we consider the projective closure pcl(V,) C P™. It is well known that pcl(Vj)
is the F,-hypersurface of P™ defined by the homogenization RZ € F,[Xo,...,X,] of the
polynomial Ry (see, e.g., [28, §1.5, Exercise 6]).

Let Ro°®) be the component of highest degree of R,. We shall express RAs(Mo) 4y
terms of the component f"! of highest weight of f. Let Ylj REER de be a monomial with
nonzero coefficient arising in the dense representation of f. Then its weight

wt(Y{" - Yi) = myji + - + maja
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is equal to the degree of the corresponding monomial ngl ~-~ngd of R,. From these
arguments we deduce the following lemma.

Lemma 3.5. Suppose that g is defined as in (3.1). Then,

fw( ml?"'7Pmd) €<Wt(f)
RisWo) = & pwt(p L Pp )+ X4+ XS e = wt(f)
X{+--+ X2 e > wt(f)

On the other hand, if g € F;, we have that Rdcg(R = " (Pmys---y Pmy)-
Proposition 3.6. Let 1 < d < n — 3. Suppose that g is defined as in (3.1).

o Ife <wt(f) then pcl(Vy) has singular locus at infinity of dimension at most d — 2,
o if e =wt(f) then pcl(Vy) has singular locus at infinity of dimension at most d — 1,
o if e > wt(f) then pcl(V,) has no singular points at infinity.

On the other hand, if g € F; then pcl(Vy) has singular locus at infinity of dimension at
most d — 2.

Proof. Let ¥ C P" denote the singular locus of pcl(Vy) at infinity; namely, the
set of singular points of pcl(Vy) lying in the hyperplane {X, = 0}. We have that
RINO, Xy,..., Xp) = Rdeg(RQ)(Xl,...,Xn). Suppose first that e < wt(f). From
Lemma 3.5, Rdeg = " (Pm,;--->Pm,). Thus, any point x = (0: 2y :---:1,) € XF
satisfies the equations:

afwt(P)

wt — — <5< . .
=0 OEE 0 1< (3.7

From (H,) we have that the homogeneous system A'(x)Y? = 0, where A(x) is defined
as in (3.3), has a nonzero solution Vf"*(P(x)). We conclude that x € Z;. Thus, we
deduce from Proposition 3.1 that the set of solutions of (3.7) is an affine cone of A™ of
dimension at most d — 1 and, hence, a projective variety of P"~! of dimension at most
d — 2. Therefore, the set of singular points of pcl(V;) lying in the hyperplane {X, = 0}
has dimension at most d — 2.

Suppose now that e = wt(f). From Lemma 3.5 Rdcg = f""(Ppyy--o, Pmy) + X5+

-+ X¢. Then, by (Hz) and the same arguments of the proof of Proposition 3.3, we
deduce that the variety defined by the equations:

. . . (P . .
ft(P)+X1++Xn:0a 8T(J)+6X] 1:07 ].SJSTL,
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is an affine cone of A™ of dimension at most d. Therefore, the set of singular points of
pcl(Vy) lying in the hyperplane {X, = 0} has dimension at most d — 1.

Finally, if e > wt(f), observe that Rﬁeg(Rg) = X{+---+ X, from where it is easy to
see that pcl(V,) has no singular points at infinity.

Suppose now that g € F,. We see that any point x = (0: 2 :---:2p) € 330 satisfies
the equations defined in (3.7). Hence, by (Hz) and the same arguments of the proof of
the case e < wt(f), we deduce that the set of singular points of pcl(V,) lying in the

hyperplane { X, = 0} has dimension at most d — 2. O
From Theorem 3.4 and Proposition 3.6 we obtain the following result.

Theorem 3.7. Let 1 <d <n-—3. Let f € F,[Y1,...,Yy], g € F,[Xq,...,X,] defined as in
(3.1) such that (Hy) — (H2) hold and R, defined as in (3.2). Then pcl(Vy) has singular
locus of dimension at most d. On the other hand, if g € T, then pcl(Vy) has singular
locus of dimension at most d — 1.

Corollary 3.8. The hypersurface Vy is absolutely irreducible, when g is defined as in (3.1)
org €.

Proof. Observe that V, is absolutely irreducible if and only if pcl(Vy) is absolutely
irreducible (see, e.g., [28, Chapter I, Proposition 5.17]). Suppose that pcl(V;) is not
absolutely irreducible. Then it has a nontrivial decomposition into absolutely irreducible
components

pel(Vy) =CLU---UCq,

where Ci,...,Cs are projective hypersurfaces of P™. Since C; NC; # 0 and C;, C; are
absolutely irreducible, then dim(C; NC;) =n — 2.

Denote by X the singular locus of pcl(Vy). From Theorem 3.7 we have that dim X/ <
d. On the other hand, we have C;NC; C Z’g‘ for any 7 # j, which implies dim EZ >n—2.
This contradicts the assertion dim 22 < d, since d < n — 3 by hypothesis. O

3.1. Estimates on the number of F,—rational points of deformed hypersurfaces

Let d, n, e be positive integers such that 1 < d < n—3. In this section we shall estimate
the number of F,-rational points of V; := V(R,) C A™, where R, is defined as in (3.2),
thus proving Theorem 1.1.

In what follows, we shall use an estimate on the number of F,-rational points of
a projective hypersurface due to S. Ghorpade and G. Lachaud ([24]; see also [25]). In
[24, Theorem 6.1], the authors prove that, for an absolutely irreducible F,~hypersurface
V c P™*H! of degree d > 2 and singular locus of dimension at most s > 0, the number
|V (F,)| of F,—rational points of V satisfies the estimate:
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m+s+1 m-+s

||V |_pm|<bm s—1,d 4 ° +Csmq 2, (3.8)

where p,, == ¢™ +¢"  + -+ 1, b;md is the m—th primitive Betti number of any
nonsingular hypersurface of P! of degree d and Cy(V) := 3.7 "5, ,(V) +¢;, where

1=m—1
bi (V) denotes the i—th (-adic Betti number of V' for a prime ¢ different from p :=
char(F,) and ¢; := 1 for even ¢ and ¢; := 0 for odd 7. In [8], the authors combine the

Katz inequality [27, Theorem 3] with the Adolphson—Sperber bound for hypersurfaces
[3, Theorem 5.27] to obtain the following upper bound, which is slightly better than that
for an arbitrary complete intersection ([24, Proposition 5.1]):

Csm (V) < 6(d+2)" "1 (3.9)

On the other hand, according to [24, Theorem 4.1 and Example 4.3], one has the following
upper bound:

Vg < dTll((d — 1)t — (=)™ < (d— 1)t (3.10)

Suppose that g defined as in (3.1). From Theorem 3.7 and Corollary 3.8, we know
that pcl(V;) is an absolutely irreducible hypersurface of degree § = deg(R,) and singular
locus of dimension at most d. Hence, from (3.8), (3.9) and (3.10) we have that:

1 n+ d—l

DL (V)(E)| = puca | < (6= 1)"1"3* +6(5+2)"q (3.11)

Now, we estimate the number of F,—rational points of V,>* = pcl(V;)N{X, = 0}. Note
that V>° = V(Rgeg Rg) is a hypersurface of P"~L. Suppose that e < wt(f). The same
arguments as in the proof of Proposition 3.6 shows that the dimension of the singular

locus of V> is at most d — 2. Then, taking into account (3.8), the following estimate
holds:

1V (B)] = pa] < (6= 1)" "™ +6(0+2)" g (3.12)

Observe that |V (F,)| = [pcl(V,)(F,)| — [V, (IF,)[. From (3.11) and (3.12), we have:

[Va(B)l = ¢" | <|Ipel(Ve) ()| = po—1| + [IV5° (Fy)| — pos|
<@ -1 (6427
+(6_1)n d n+ +6(6+2)n 1 n+d 4

n+d—4
2

<@+ g (6 -1)" %2 +6(5+2)").

Suppose now that e = wt(f). Also by the same arguments as in the proof of Propo-
sition 3.6 the dimension of the singular locus of V* is at most d — 1. Then, taking into
account (3.8), the following estimate holds:
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1 n+d3

IV (B, = paa| < (6 — 1) 97157 1 6(6 +2)" (3.13)

From (3.11) and (3.13), we obtain that

V() = " | <[Ipel(Vy) ()| = p—i | + [IV5 (. )\ Pn—2|
<@E =1 166+ 2)g

F (61T 4 6(6+2)

<(g+1)g" 2 (6= )" 12 4 6(5 +2)™).

n1n+dd

Finally, if e > wt(f), and again from the proof of Proposition 3.6, we have that V>
is a nonsingular variety. We can apply the following result due to P. Deligne (see, e.g.,
[19]): for a nonsingular ideal-theoretic complete intersection V' C P™ defined over F,, of
dimension r and multidegree d = (dy, ..., d,), the following estimate holds:

[[V(F)| - pr| < bl.(n,d)g"/?, (3.14)

where /.(n, d) is the rth-primitive Betti number of any nonsingular complete intersection
of P™ of dimension r and multidegree d.
Thus

V22 (F)| = prz| < (6 — 1)"Lgn=2/2, (3.15)
From (3.11) and (3.15), we conclude that
Vo (ED| = a1 <[Ipel(Ve) (By)| = pra| + [|V5®(By)| — pr—s2]
<(6— 1)1 E £ 6(6 +2)g

+ (5 7 1)n71q(n72)/2

Sqn;z (((6 _ 1)n—d—1q1/2 +6(5 + 2)n)q(d+1)/2 + (6 — 1)n—1).

Now, if g € [, observe that pcl(V;) C P™ has degree § = deg(Ry) and, from Theo-
rem 3.7, its singular locus has dimension at most d — 1. Hence, from (3.8), we obtain:

Ipel(Vy) ()| — pui] < (6 — 1)" g™~ + 6(6 +2)"q (3.16)

On the other hand, V* = V(Rgeg R"’) is a hypersurface of P"~1. As before, the same
arguments of Proposition 3.6 give us that the dimension of the singular locus of V> is
at most d — 2. Then taking into account (3.8), the following estimate holds:

1 n+d 4

Ve ()| = pna| < (0= 1)" "2 +6(5+2)" (3.17)

From (3.16) and (3.17), we conclude that
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Vo (B — ¢ | <|lpel(V, )(]F)I Pr—1| + |V (R, )I P—2|
<(5—1)"" +6(6+2) o
+ (6 — 1)"_dq 2y 6(5 + 2)"—1q"*§‘*4

<(qg+1)g T (6 - 1)" %2+ 6(6 +2)™).

All this previous discussion settles Theorem 1.1

Remark 3.9. We can provide another estimate for the case when g; of the definition
(3.1) is identically zero and R, is an homogeneous polynomial. In this case, V, C P"~!
is also a projective variety with singular locus of dimension at most d — 1. Indeed, the
same arguments as in the proof of Theorem 3.4 imply that the set of x € A™ such that
VR, (x) = 0 defines an affine cone of dimension at most d. Hence, the set of x € P"~!
for which VR,(x) = 0 has dimension at most d — 1. Thus, from (3.8), we have that

‘Ng _pn72’ < ((5 _ 1)n—d—1q(n+d—2)/2 + 6((5 + 2>nq(n+d—3)/2,

where N, denotes the number of F,-rational projective points of V. Since |V,(F,)| =
N,(g— 1)+ 1 we conclude that

Ve (E) — "] < (g — 1)((5 _yrdmlgnd=2/2 4 g5 2)nq(n+d—3)/2).
Note that the order of the error terms in either case g1 = 0 or g1 # 0 is the same.

Remark 3.10. It is easy to prove that if ¢ = 0 and Ry is an homogeneous polynomial
then the singular locus of Vj C P"~! has dimension at most d — 2. Hence we have the
following estimate:

||VO | _ qn 1| < q _ 1)(((5 _ 1)n—d—1q(n+d—3)/2 + 6((5 + 2)n—1q(n+d—4)/2).
3.2. f is a linear polynomial

Let e,n,m1,...,mq be positive integers with n > 3, assume that char(lF;) does not
divide e, mq,...,mg and 2 < my < --- < mg. For a linear polynomial f we can obtain
better results. Indeed, we can improve Theorem 1.1 by studying the geometric properties
of the deformed hypersurfaces in more detail. Let f = b1Y1+- - -4+bsYg+a € F,[Y1,..., Y]
be a nonzero linear polynomial. In the following result we obtain an upper bound of the
dimension of ¥, in this case.

Proposition 3.11. V;, C A™ s nonsingular or dim 3, = 0.
Proof. Suppose first that g is defined as in (3.1) and let x € ¥,. Then

VRy(x) = (b1,...,ba) - A(x) +e- (x¢71, ... 2571) 4+ Vg1 (x) =0,
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where A(x) is defined in (3.5). Thus we have the following n equations:

_ _ _ on .

- mi—1 mg—1 o—1 .

Q] _blle,]l ++bddeJd +€X; aiX]—O, ISJSTL
Consider the graded lexicographic order of Fy[X1, ..., X,] with X,, > X,,_; > --- > X;.
For each 1 < j < n, Lt(Q;) satisfies:

. Lt(Q]) = bzleJTM_l if e < my,
. Lt(Qj) = bimiX;'“_l + EX;_l ife= myg,
o Lt(Q;) =eX; Vife > m;,

where m; := max{my, by # 0,1 < k < n}. With this monomial order, the leading
terms are relatively prime and thus they form a Grébner basis of the ideal J that they
generate. Hence, the initial of the ideal J is generated by Lt(Q1),...,Lt(Q,), which
form a regular sequence of F,[X7,...,X,]. Therefore, by [21, Proposition 15.15] the
polynomials Q1,...,Q, form a regular sequence of IF,[Xy,...,X,]. Thus, we deduce
that 3, has dimension at most 0.

The case for g € I, follows analogously. O

Corollary 3.12. pcl(Vy) C P™ has no singular points at infinity.

Proof. Suppose that g is defined as in (3.1) and consider ¥3° C P". From Lemma 3.5,
we have that:

. RZ(O,Xl,...,Xn) = fY"(Ppy,y ..., Pny,), if e <wt(f),
o RIN0, X1, ..., Xn) = " (Prnys-o s Prog) + X5+ -+ Xg, if e = wi(f),
o RI(0,X1,..., X)) = XE 4+ XE, if e > wt(f).

On the other hand, if g € F, then R!0,X1,...,X,) = f*"(Pm,,...,Pm,). Observe
that f** = b;Y; where b; := max{by, by # 0,1 < k < n}. Following the proof of
Proposition 3.11 we deduce that ¥3° C A" has dimension at most 0. Thus, pcl(V,) C P
has no singular points at infinity. O

From Proposition 3.11 and Corollary 3.12 we conclude the following result.
Theorem 3.13. Let n > 3. Let f € F,[Y1,....Yy] be a linear polynomial and g €
F,[X1,...,X,] defined as in (3.1) or g € F,. Then pcl(Vy) C P™ has singular locus
of dimension at most 0.

From Theorem 3.13 and following the proof of Corollary 3.8, we obtain:

Corollary 3.14. The hypersurface Vy is absolutely irreducible.
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We arrive at the following result concerning the number of I,-rational points of the
variety V; for a linear polynomial f.

Theorem 3.15. Let n > 3. Let mq,...,mq be positive integer with 2 < mp < -+ <
mg. We assume that char(F,) does not divide e and my for all1 < j < d. Let Ry =
f(Pmysoo s Pry) +g with f =b01Y1 4+ -+ +b3Yg + a and g € Fj[ X, ..., X,] of degree e
and g is defined as in (3.1) or g € F,. Then,

Vo (B[ — g™ 1| < g™ D/2(2(m; — 1) ¢ + 6(mi +2)"),
where m; := max{my, by #0, 1 <k <n}.
Proof. From Theorem 3.13, Corollary 3.14 and the estimate (3.8), we have
IDCl(Vy) (B)| = pacs| < (mi — 1)"2¢"% + 6(m, + 2)"g" V72 (3.18)

Now, we estimate the number of Fy-rational points of V,>* := pcl(Vy)N{Xo = 0} ¢ P~
Note that V* = V(RZ,1eg R ) is a hypersurface of P"~! of dimension n — 2. Following the

proof of Corollary 3.12 we deduce that V> is nonsingular variety of degree deg(R,) = m;.
Then, from (3.14):

VS (B)] = paal < (ms — 1)~ 1g®=2/2, (3.19)

From (3.18) and (3.19), we conclude that

IV (ED| = a" | <[Ipel(Ve) (B)| = pra| + [|V5® (Fy)| — P2
<(mi — 1)1 4 6(my 4+ 2)"¢ Y2 4 (my — 1) g m2/2
Sq(nfl)/2 (2(m1 _ 1)n71q1/2 +6(m; + 2)n) O

Remark 3.16. Note that Theorem 3.15 improves Theorem 1.1 when f is a nonzero linear
polynomial. Indeed, the estimate of Theorem 3.15 does not depend on d, the number
of mj-power sum polynomials in which f is evaluated. Concretely, from Theorem 1.1
we have that |V,(F,)| = ¢"~! + O(¢""*%/2), while Theorem 3.15 implies |V, (F,)| =
"+ O(q?).

Remark 3.17. Suppose that the polynomial g; of the definition (3.1) is identically zero
and R, is an homogeneous polynomial. Then Ry = ¢(X{ +-- -+ X¢) for some ¢ € F; and
V, C P71 1t is easy to see that the set of {x € A" : VRy(x) = 0} = {0}, from where
Vy is a nonsingular variety. Thus, from (3.14):

Ny —pp_2| < (e — 1) tgln=2/2,
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where Ng is the number of F,-rational projective points of V. As in Remark 3.9, we
conclude that

[Vy(F)| — ¢t < (e — 1)"1g"=2/2 (g — 1).

Remark 3.18. Suppose that ¢ = 0 and Ry is an homogeneous polynomial. Then Ry =
(X7 + -+ X) with ¢ € F,. Following the arguments of the above remark, it can be
shown that

HVO(E])l - qn_1’ < (m — l)n_lq(n_Q)/2<q _ 1)
4. Special deformed hypersurfaces

In this section we follow the same methodology to obtain estimates of F,—solutions of
some well known equations over finite fields. These results are not obtained directly from
applying Theorem 1.1 since we can take advantage of the properties of the polynomial
f under consideration for these particular cases.

4.1. Deformed diagonal equations over a finite field

Let m, n be positive integers such that n > 3 and m > 2 is not divisible by char(IF,)
and let g € F,[X1,...,X,] with deg(g) < m. Consider the equation:

aXt+ X+ 9(Xy, ., X)) =0, (4.1)

where ¢; € F, \ {0}, 1 < i < n. We denote by N, the number of F,-rational solutions
of (4.1). Let Ry :=c1 X" + -+ + e X' + 9(X1, ..., X,,) and let V; C A" be defined by
Vy = V(Ry). In this case, x € ¥, satisfies

99
m—1 .

Following the same arguments used to prove Proposition 3.11, Corollaries 3.12 and 3.14
and Theorems 3.13 and 3.15 we can deduce the following result.

Theorem 4.1. With the hypotheses as above, we have that
INg —q" 1 < g™ D2(2(m — 1)" 12 + 6(m +2)"). (4.2)
Observe that in [2] the authors use the Newton polyhedra to prove a result that allows

one to obtain an estimate on the number of [F-solution of a deformed diagonal equation.
This result holds under some hypotheses for g, which are not present in Theorem 4.1.
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Theorem 4.2. Let ¢ > (m+ 2)%2%2 and g € Fy[X1, ..., X,] of degree less than m. Assume
that char(IF;) does not divide m. Then, the equation c; X"+ - -4+c, X' +9(X1,..., Xp) =
0, has at least one solution in F".

Proof. Observe that if ¢ > 144 then 6(m + 2)" < 1/2(m + 2)"¢*/2. On the other hand,
we have that 2(m — 1)"~1 < 1/2(m + 2)". Then, from (4.2) we deduce that

INg = ¢" ' < ¢"P(m +2)",
from where
Ny >q" ' =q"?(m+2)". (4.3)

Therefore, the equation Ry = c1 X7 + -+ - + ¢, X" + g(X1,- -+ , X)) = 0 has at least one
solution in [F,* if the right-hand side of (4.3) is a positive number. The result follows. O

Remark 4.3. Note that if ¢ > (m + 2)? then n > —218la) _ Observe that E(q) =

log( 72 )
2log(q) ;. i ; : _ . :
T8 Tar7) is a decreasing function and lim,_,~, E(¢q) = 2. Hence, for ¢ sufficiently large,

the equation (4.1) has at least one solution in F*, n > 2.

Carlitz [11] showed that if m = n, m divides char(F,) — 1 and g € F,[Xy,...,X,]
is of degree less than m, then R, = 0 has at least one solution in F;". This result was
extended by Felszeghy [22], who proved that R, = 0 has at least one solution in F* if
q = p := char(F,) and

n> Wp_llj ] (4.4)
He also shows that if m divides p — 1 and n > m, then R, = 0 is solvable in Fq”.

Theorem 4.2 improves (4.4) in several aspects. Indeed, on one hand, our result holds
for any ¢ such that char(FF,) does not divide m while (4.4) holds if ¢ = p. On the other
hand, we prove that if ¢ > (m+2)? then (4.1) has at least a F,-rational solution for n > 3
while Felszeghy’s result requires p > m +1 and n > m + 1. In particular, if p > (m + 2)?
we can guarantee the existence of at least one [F,-rational solution for any n > 3 instead
of n>m+1.

Remark 4.4. For b € I, consider the following diagonal equation:
aX{t 4+ e X =0
If b = 0 then Theorem 3.15 gives us

|No(Fy) — ¢" 74| < (m—1)" g 2/2(q — 1),
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which is of similar order to the results in the literature (see, e.g., [30, Chapter 6, §3]).
Suppose then b # 0. From (4.2), we have that N, = ¢! + O(¢™/?), but this estimate
can be improved. Indeed, it can be shown that the singular locus X, of the affine variety
V(Rp) defined by Ry = c1 X7+ -+ ¢, X" —b is ¥ = {0}. Hence, the projective variety
pcl(V(Rp)) is nonsingular and, from (3.14), we have

[Ny — q" ! < (m—1)"q"2/2(1 4 ¢*/2).

Observe that this result is Weil’s estimate for diagonal equations (see, e.g., [30, Chapter

6, §3]).
4.2. Generalized Markoff-Hurwitz-type equations

Let m,n, ki, ..., k, be positive integers, n > 3 and m > 2, a,b € F, and qa; € F, \ {0},
1 < i < n. Consider the equation

G X4 an X" fa=bX[ . X (4.5)
Observe that this is an special case of deformed diagonal equations. Denote by N the
number of F,-rational solutions of (4.5). Suppose that char(FF;) does not divide m. Let
Ry :=a X"+ +ap, X"+ g, where g = a—bXF .. XFvand ky +- -4k, < m. From
Theorem 4.1 we obtain the following result.
Theorem 4.5. With the same hypotheses as above, N satisfies the following estimate:

|N — q”_1’ < ¢(n=1/2 (2(m - 1)"_1q1/2 +6(m + 2)”)

In what follows we obtain sufficient conditions for the existence of a I,~rational so-
lution with nonzero coordinates. We shall need the following estimate on the number of
[F,—rational solutions of (4.5) with ¢ coordinates equal to zero. We denote this number
Proposition 4.6. With the same hypotheses as above, the number N; satisfies the following
estimate:

Ifa=0andi=1,...,n—2, then

IN; = q" 7 < (m = 1) TR (g — 1), (4.6)

Ifa#0andi=1,....,n—1, then

|N1 . qnfifl‘ < (m . 1)n7iq(nfi72)/2(1 + q1/2) (47)

Proof. Follows from (4.5) and Remark 4.4. O
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Let N* be the number of F,-rational solutions of (4.5) with nonzero coordinates and
let N= be the number of F,-rational solutions of (4.5) with at least one coordinate equal
to zero. Note that N* = N — N=. By the inclusion-exclusion principle we obtain

N= = an(—l)i+1 (’Z) Ni. (4.8)

i=1

Suppose that a # 0. From (4.8) and since N,, = 0, we have

N* — (¢=1)" — N _N=_ Zn:(_l)i(ﬁ>qn—i—1

q v i
g e e
zv¢114§;(1Y<?)(ﬁhq"i1)+(1y%A@qn
— (N =g+ 2(—1)1‘(’;) (V=) - (1)

Thus, we deduce that

N* _ (=" = (=" =(N - qn—1> + i(_l)i <7Z> (N; — qn—i—l).
i=1

Therefore, from Theorem 4.5 and (4.7):

q

-1
(¢q—1)" —(=1)" -1 K n —i-1

N* — <IN —-q¢" |+ E N, — ¢!
<| q" — i | q |

6(2777,)“ n/2+2mn 12( >q(n i—1)/2

=1

) — gt -1
Vi

n—1

2
< 6(2m)"g"/? + — (2m)"g">

(2m)"q"/? + (2m)"q"/?
(Qm)nqn/?

IN

6
7

IN

We have proved the following result.
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Proposition 4.7. With the hypotheses as above, the number N* of F,~rational solutions
of (4.5) with nonzero coordinates satisfies the following estimate:

(1" - (="
q

N* —

< 7(2m)"q"2.
In [34] Mordell studies the following equation:

(1 X" 4 - Fa, XM 4 a)k = bXr - X

where a1, ...,an,a are nonzero elements of I, k,m,...,m, € N, ky,...,k, are non-
negative integers and n > 2. The author shows that if ky = --- =k, =1l and ¢ =p
then
—_1)n
N* — M <dj--- dnqn/27 (4.9)
q

where d; = ged(m;,q — 1). Observe that Proposition 4.7 improves (4.9) when k& = 1
and m = my = --- = my,. Indeed, our result holds for all ¢ with char(F,) not dividing
m and m > ki + --- + k,. Moreover, we determine one more term in the asymptotic

development in terms of q. Namely, we prove N* = W + O(q™/?) instead of
N* = @ + O(q™?). Observe that this term appears in the asymptotic development
of N* when a = 0 (see, e.g., [4, Theorem 3.1]). Now, we provide an existence result for

[F,-rational solutions with nonzero coordinates. From Proposition 4.7 we deduce that

q
(¢—1)" /2
>\ ) 2 n_n
=P 7(2m)"q
—1)"
> ¢(n=2)/2(9)n (q _7
=1 (2m) (2(2m)”q”/2 q)

12
> q(n72)/2(2m)n(2(2in)n ((q q].) )n/2 B 7(])

n—2)/2 n (q72)n/2
> ¢ 22 (2m) (W *7Q>

From Bernoulli’s inequality we obtain

— 2 —4m?
N* > g(n=2)/2(9 n<ﬁ<q ) _ )
=14 (2m) 4 4m? 7a

Therefore, (4.5) has at least one solution in F;* with nonzero coordinates if

E(q—2—4m2

. _ )—7q>0.

4m
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That is,
n(q — 2 —4m?) — 112m2q > 0,
which is equivalent to
(g —2—4m?)(n — 112m?) — 112m?*(2 + 4m?) > 0.
We conclude that if n > 112m? the equation (4.5) has at least a solution in (F,*)™ for

112m2(2 + 4m?)

n1igme T2tam’.

We have proved:

Proposition 4.8. If ¢ > %—I—Q—Mma char(F,) does not divide m andn > 112m?
then the equation (4.5) has at least one solution in ()" for the case a # 0.

Remark 4.9. It can be shown that if ¢ > (Qm)%, m > 3 and n > 5, then the equation
(4.5) has at least one solution in (I*)™. This existence result holds for far more values

q
of n although it requires larger values of q.

Remark 4.10. Suppose that a = 0. With the same hypotheses and arguments of The-
orem 4.5 and taking into account (4.6), we deduce that the number N* of F,—rational
solutions of (4.5) with nonzero coordinates satisfies the following estimate:

— 1" 1
‘N* _lg=p" (=)™ (n4+1— =) < 7(2m)"¢"/2. (4.10)
q q
Fora=0,k=---=k,=1,n>2and 1 <m < ¢— 1, Baoulina [4] shows that
O g C < (ot~ 1)q 72 4 (0 do)ey 272, (@)

where d; = ged(m,q — 1), d = ged(n — km, qd;ll) and dy = ged(d, k). Although (4.11)
is better than (4.10) when k; = --- = k,, = 1, our estimate extends (4.11) for the case
ki+---+k, < m. Moreover, we determine one more term in the asymptotic development
of N* in terms of g, namely N* = w + (=1)"(n+ 1) + O(g?).

4.8. Carlitz’s equations
Let d,n be positive integers with d > 2 and n > 3. Let h; = a;T%+ -+ ao,; € F,[T],

with deg(h;) =d, 1 <i <n. Let g € F;[X1,...,X,] such that deg(g) < d. Suppose that
char(FF,) does not divide d. Carlitz’s equations are:
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Denote by N the number of F,-rational solutions of (4.12). Let Ry, V, and X, be defined
as usual. A given x € ¥ satisfies the following equations:

0
99 o, 1<j<n.

By the same arguments as before we can show that @;, 1 < j < n, form a regular
sequence of F,[ X, ..., X,,] and pcl(V;) has no singular points at infinity. Thus, we obtain
the following result.

Theorem 4.11. Let n > 3 and d > 2 not divisible by char(F,;). Then the singular locus of
pcl(Vy) has dimension at most 0 and Vy is absolutely irreducible.

Following the same reasoning as in the proof of Theorem 3.15 we conclude:
Theorem 4.12. Let n > 3 and d > 2 not divisible by char(IF;). Then
‘N _ qn—1| S q(n—l)/2 (2(d _ 1)n—1q1/2 4 6(d 4 2)n)

Remark 4.13. Observe that for hy = --- = h, = h then the equation (4.12) can be
written as

a1Py+---+aqPg+ nag =g.

Thus, (4.12) can be expressed as f(P,. .., P;) +nag = g, where f € ;[Y7,...,Yy] is the
linear polynomial f :=a1Y; + - + aqYy. We can then apply Theorem 3.15 to obtain a
similar result as the one in the previous theorem.

Carlitz [10] studies the number of F,-rational solutions of the equation
hl(Xl) + -+ hn(Xn) = Q,

where h; € F,[T] with 2 < deg(h;) = k; < char(F;) and a € [,. More precisely, he proves
that the number N of F,-rational solutions of this equation is given by

N ="+ O, (4.13)

where w = k% 4+ 4 é and the constant implied by the O is not explicitly given.

Theorem 4.12 improves (4.13) in several aspects if deg(h;) = d, 1 < i < n. On one
hand, Theorem 4.12 gives an explicit estimate on the number N. On the other hand,



26 M. Pérez, M. Privitelli / Finite Fields and Their Applications 68 (2020) 101728

the equation can be matched to a non-necessarily constant polynomial. Finally, our
result implies N = ¢"~* + O(¢"™/?) while (4.13) implies that N = ¢"~ ' + O(¢"") =
q" '+ O(q"/?+e), where e =n(2 — 1) > 0if d > 2 and w = 2.

Regarding existence results, Carlitz [11] shows that if deg(h;) =n, 1 <i<nandn
divides char(If;) — 1, then (4.12) has at least one solution in F*. From Theorem 4.12 we
can find conditions which imply that (4.12) has at least one solution in F* when d > 2

and n > 3.

Theorem 4.14. Let ¢ > (d + 2)<n2j’2>, d > 2 not divisible by char(F,) and n > 3. Let
hi; € F,[T] be defined by h; = ag; T+ - +ap;, 1 < i < n, with deg(h;) = d and
g € F[X1,...,X,] with deg(g) < d. Then the equation hi(X1) + -+ + h,(X,) = ¢ has

at least one solution in Fq”.

Remark 4.15. Theorem 4.12 provides an upper bound of Waring’s number for univariate
polynomials over IF,. Waring’s problem consists in finding the minimum number of vari-
ables such that the equation X{ + --- 4+ X¢ = 3 has solutions for any natural number
(. This minimum number is called the Waring’s number associated to d. The Waring’s
problem has also been considered for equations over finite fields and there are many
bounds for their Waring number (see, e. g., [35, Chapter 13]).

Consider the following generalization of Waring’s problem: given a polynomial h €
F,[T] of degree d, find the minimum number of variables such that

hMX1)+ -+ h(X,) =5 (4.14)

has a solution in F* for any 8 € F;. We denote this number by ~(h,q). Carlitz [12]
proves that if ¢ is a prime number then v(h,q) < d whenever d # p — 1, ’72;1. On the
other hand, Castro et. al. [13] obtain an upper bound on 7(h, q) for polynomials of the
form h = aT? + g € F,[T], where d # 1 divides p — 1 and g satisfies certain hypothesis
related to p-weight degree of g.

Let N be the number of F,—rational solutions of equation (4.14). Suppose that d > 2
and n > 3. From Theorem 4.12 we have that

IN — g1 < ¢ 72(2(d — 1) g2+ 6(d + 2)").

On one hand, ¢ > 144 implies that 6(d + 2)" < 1/2(d + 2)"¢*/2. On the other hand,
2(d—1)""! < 1/2(d+2)" holds. Thus, N > 0 provided that g"/2(q("=/2—(d+2)") > 0;
that is ¢("=2/2 > (d + 2)". Now, if ¢ > (d + 2)? the condition ¢(*=2)/2 > (d + 2)" is
equivalent to

log(q*)

n>- ————.
log ()
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We conclude that if n > %j)) then ~y(h,q) < [M—‘. On the other hand,

log(Tarzz log((azzz)

if ¢ > (d+ 2)2(d*1)/(d*3), then we obtain that [M—‘ < d. Thus, we have the

tog (i)
following result.

Theorem 4.16. Let n > 3 and d > 4. Assume that char(IFq) does not divide d. For any
q > (d+42)2@=D/4=3) gnd any h € F,[T] of degree d, we have that

log(q®)
v(h,q) < [Zog(ﬁ)]

Note in particular that solutions with small number of variables require large values
of q.

4.4. Equations in Dickson polynomials

Let d € N and a € ;. The Dickson polynomials over I, of degree d with parameter
a are:

'L d - i
Dixea) = Y 7 (1) o

=0

Dickson polynomials have been extensively studied because they play very important
roles in both theoretical work as well as in various applications (see, [35, Chapter 7]).

Let d,n be positive integers with d > 2 and n > 3 and assume that char([f;) does
not divide d. Let g € F,[Xq,...,X,] be such that deg(g) < d. Consider the following
polynomial equation

ClDd(Xl,al)+"'+CnDd<X'rL7an) =9, (415)
where a1,...,a, € F; and ¢1,...,¢, € F; \ {0}. Observe that for a; =0 for 1 < ¢ < n,
this is a deformed diagonal equation. Equation (4.15) is a particular case of Carlitz’s
equations defined in (4.12) for h; := ¢; D4(X;, a;). From Theorem 4.12 we have:
Theorem 4.17. Let n > 3 and d > 2 not divisible by char(F,). Then
|N —g" 1 < g"2(2(d - 1)" g2+ 6(d +2)"), (4.16)

where N denotes the number of F,—rational solutions of (4.15).

Remark 4.18. Observe that if a; = -+ = a, = a and ¢y = -+ = ¢, = ¢, then the
equation (4.15) can be written as follows
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Ld/2]
> biPagi=g,
i=0

where b; = ddi(dgi)(—a)i and Py o; = X% ... 4 X372 for 0 < i < [d/2]. Thus,

equation (4.15) can be expressed as

f(Pa2iaj2)s--->Pa) = g,

where f € Fy[Yq_21as2),---,Ya] is the linear polynomial f := Z}i{fj b;Yy_9;. Hence,
applying Theorem 3.15 we obtain a similar result as the one in the previous theorem.

In [17] the authors study the number of F,—rational solutions of the equation
ClDd1 (X17 Cll) + -+ Cnan (X'man) =,

where di,...,d, are positive integers, ¢1,...,¢, € [, \ {0} and ¢, a4,...,a, € F,. More
precisely, they prove that if n,d;,...,d, > 2 and there exists 0 < ¢t < n such that
ap =+ =a = 0and a; # 0 for all t < j < n, then the number N of F,-rational
solutions of these equations satisfies:

t n
IN—¢" [ <q" D=1 ][(m; = 1) ] (m;+15), (4.17)
j=1 j=t+1
where m; = ged(dj,g — 1) and [; = ged(dj, g+ 1) for 1 < j<n . Ifdy=---=d, =d

then Theorem 4.17 extends the estimation in (4.17) in the sense that it holds for ¢ €
F,[X1,...,X,] with 0 < deg(c) < d.

Finally, from Theorem 4.17 we derive conditions about the solvability of (4.15) in [".
Theorem 4.19. Let ¢ > 4(d + 2) <"21L?>, d > 2 not divisible by char(IF,) and n > 3. Let
g € [X1,...,Xy,], deg(g) < d. Then the equation

c1Dg(X1,a1) + -+ cnDa(Xn,an) =g
has at least one solution in F;".
Proof. From (4.16), we have that
IN =" < "2 (2(d - 1)" g2+ 6(d +2)).

Observe that if ¢ > 362 then 6(d+2)" < 1/6(d+2)"¢"/?. On the other hand, 2(d—1)""* <
1/2(d + 2)™. Under this condition we have that

N = < 24+ 2
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Thus, N satisfies the following inequality:

— 2 n n n n— 2 n
N>q"' - 2g P(d+2)" = ¢"/*(q! 2)/2—§(d+2) ). (4.18)

We conclude that (4.15) has at least one solution in F;" if g2 > 2(d+2)". O

Remark 4.20. Suppose that d; = --- = d,, = d. Observe that, when ¢ is a constant,
Theorem 4.19 gives similar conditions on ¢, d and n than [17, Theorem 11], under which
there exists at least one F,—rational solution of (4.15). Theorem 4.19 extends [17] since
it holds for a polynomial g of positive degree at most d.
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