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A B S T R A C T

The Statistical Complexity is a feature computed from a probability function that aims to quantify the structure
of the system that produced the observations. It is the product between the normalized Shannon Entropy and
the normalized Jensen–Shannon distance between the probability function and the uniform law. We obtain the
Statistical Complexity asymptotic distribution under the Multinomial model, and we validate this result with
numerical experiments. We present examples where this asymptotic result provides a good approximation,
even in scenarios where the Multinomial model is not strictly valid, such as in applications to Bandt and
Pompe ordinal patterns. We provide the R code that implements these functions.
1. Introduction

The concept of Entropy first appeared in the field of thermodynam-
ics as a way to measure the amount of disorder in a system. While
Clausius [1] introduced this idea in 1850, it was not until 1877 that
Boltzmann [2] provided a mathematical expression concerning a prob-
ability distribution. Later, Shannon [3] proposed the use of Entropy in
the context of Information Theory to study the uncertainty associated
with the distribution of a random variable. However, Huberman and
Hogg [4] exposed the limitation of the Entropy as a quantifier. They
identified the need of measuring systems’ diversity in a computational
way that vanishes at the extremes of minimum and maximum Entropy
(a constant output and white noise, respectively.) Grassberg [5], using
the grammar of formal languages with probabilities, reinforced that
such measures should stem from a stochastic process. Crutchfield and
Young [6] obtained a measure of complexity using the Rényi entropy
on the spectral decomposition of transition matrices of the symbols
emitted by the system. These ideas were further developed in Ref. [7].
López-Ruiz et al. [8] proposed that the complexity cannot be defined
only in terms of order or information and used the disequilibrium, a
distance between the system’s distribution to the equiprobable model,
to describe the complexity as a combination of two concepts: the Infor-
mation and the Disequilibrium. used the pair ‘‘Entropy – Complexity’’
to describe the Logistic and Lorenz maps.
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In this framework, Feldman and Crutchfield [9] verified that a
quadratic measure of disequilibrium yields a non-extensive quantity
that vanishes for a large variety of structured processes. Thus, they
proposed to replace it with the Kullback–Leibler divergence or relative
entropy, with the drawback this quantity is not symmetric.

As an attempt to solve this asymmetry, Lamberti et al. [10] used
the Jensen–Shannon divergence, which is a distance, instead of the
Kullback–Leibler divergence and obtained an intensive measure of
Disequilibrium. Along with the normalized Shannon Entropy, the au-
thors used this redefined ‘‘Entropy – Statistical Complexity’’ feature to
analyze the Logistic map.

This ‘‘Entropy – Statistical Complexity’’ approach to signal analysis
has been widely used in the literature for characterizing complex
systems. See, for instance, the review papers by Zanin et al. [11] and
Amigó and Rosso [12].

Despite its deserved success, the approach lacks a complete statisti-
cal characterization. Chagas et al. [13] studied the empirical distribu-
tion of the points in the Entropy – Statistical Complexity representation
using true white noise sequences from physical devices. They verified
that such joint distribution is heavily skewed and, thus, cannot be
directly described by a bivariate Normal law. Rey et al. [14] provided
an asymptotic distribution of several forms of entropy and the Fisher
information measure under the Multinomial model. These results were
extended by Rey et al. [15] to incorporate the correlation inherent to
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Fig. 1. From a system to its analysis through features from the histogram of symbols.
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the overlapped sampling of time series realizations.
The stochastic properties of the Statistical Complexity have not

been fully characterized yet. We fill this gap obtaining its asymptotic
distribution under the Multinomial hypothesis. Then, we show that this
s a good approximation for ordinal patterns from time series for which
he Multinomial model does not hold.

The remainder of this article is as follows. Section 2 outlines the
pipeline for system analysis with the Entropy and the Statistical Com-
plexity. In Section 3, we formulate the Statistical Complexity according
to Ref. [8]. Section 4 presents the main properties of the Multinomial
distribution. Our main result is presented in Section 5: first, we recall
the asymptotic distribution of the Shannon Entropy, and we then obtain
he asymptotic distribution of the Statistical Complexity under the
ultinomial distribution. We extended the StatOrdPattHxC pack-

ge available at https://github.com/arey1911/StatOrdPattHxC/ with
hese functions. In Section 6, we present experiments to validate the

theoretical results: first, under the Multinomial model (Section 6.1),
and then to patterns that result from the Bandt & Pompe symbolization
strategy (Section 6.2). We conclude our article in Section 7.

2. From systems to entropy and complexity

Fig. 1 outlines a pipeline of transformations from a system (S) up to
its analysis using symbolic information. A non-isolated system interacts
with the environment and produces various types of observations along
time 𝒙 = (𝑥1, 𝑥2,… ). Such observations may be textual, numerical,
interval, ordinal, categorical, and graphs, among other types. Their
nature dictates the choice of appropriate analytical methods to apply.

For example, Parsons [16] studied over 10 000 tunes (the system S).
he author encodes the tunes (the ‘‘Symbolization’’ step) into sequences
f three letters: ‘‘R’’ (repeats the previous note), ‘‘U’’ (up), and ‘‘D’’
down). He finds that the first note and up to fifteen letters are enough
o differentiate any number of tunes. If the probability of each note does
ot change, and if the tunes are independent, the 315 symbols follow
 Multinomial law characterized by a probability vector of dimension
ifteen.

The books by Agresti [17,18] are classical references for analyzing
ategorical and ordinal observations. A different approach, outlined in

Fig. 1, consists of obtaining features, e.g., the Shannon entropy 𝐻[𝒑],
rom the probability function (𝒑) of symbols. This approach has been
articularly successful when the symbols 𝝅 = (𝜋1, 𝜋2,… ) result from a
ymbolization operation of real-valued measurements.

Transforming observations into symbols is a unified approach for
several types of data. On the one hand, the transformation may be
erformed using disjoints blocks of data, e.g., using windows of size
, and 𝜋𝑡 = 𝜋𝑡(𝑥𝑡, 𝑥𝑡+1,… , 𝑥𝑡+𝐷−1), 𝜋𝑡+1 = 𝜋𝑡+1(𝑥𝑡+𝐷, 𝑥𝑡+𝐷+1,… , 𝑥𝑡+2𝐷−1),

and so on. On the other hand, the symbols may use overlapping
sets of data, for instance, 𝜋𝑡 = 𝜋𝑡(𝑥𝑡, 𝑥𝑡+1,… , 𝑥𝑡+𝐷−1) and 𝜋𝑡+1 =
𝜋𝑡+1(𝑥𝑡+1, 𝑥𝑡+2,… , 𝑥𝑡+𝐷), as in Ref. [19]. For the same underlying pro-
ess, the symbols obtained with the first approach will be typically
ess correlated than those from the second, but in both cases the

Multinomial distribution is a simplification.
In the following section, we recall the definitions of the Shannon

Entropy and Statistical Complexity from the probability function 𝒑.
2

3. Statistical complexity

In this section, the Statistical Complexity is defined according to [8].
Consider a system with {𝑜1, 𝑜2,… , 𝑜𝑘} possible states as outcomes,
where 𝑜𝓁 occurs with probability 𝑝𝓁 ≥ 0, for 𝓁 = 1, 2,… , 𝑘, and

𝑘
𝓁=1 𝑝𝓁 = 1. The Shannon information or Entropy of the probability

unction 𝒑 = (𝑝1, 𝑝2,… , 𝑝𝑘) [3] is defined by

𝐻𝑆 [𝒑] = −
𝑘
∑

𝓁=1
𝑝𝓁 ln 𝑝𝓁 . (1)

An isolated system is in equilibrium when all the states are
equiprobable; i.e. the associated probability function is 𝒖 =
(1∕𝑘, 1∕𝑘,… , 1∕𝑘). In this case, 𝐻𝑆 [𝒖] = ln 𝑘 is the maximum entropy.
The normalized Shannon Entropy is defined by

𝐻[𝒑] = 1
ln 𝑘

𝐻𝑆 [𝒑]. (2)

It holds that 0 ≤ 𝐻[𝒑] ≤ 1. The concept of Disequilibrium arises
as a kind of distance to a reference probability density function. In
this work, we consider 𝒖 as the reference distribution. Let D be the
ensen–Shannon divergence [20] between 𝒑 and 𝒖, given by

D[𝒑, 𝒖] = 𝐻𝑆

[𝒑 + 𝒖
2

]

− 1
2
𝐻𝑆 [𝒑] − 1

2
ln 𝑘. (3)

Expanding this expression, we have the following equivalent formula:

D[𝒑, 𝒖] = −
𝑘
∑

𝓁=1

𝑝𝓁 + 𝑢𝓁
2

ln
𝑝𝓁 + 𝑢𝓁

2
+ 1

2

𝑘
∑

𝓁=1
𝑝𝓁 ln 𝑝𝓁 − 1

2
ln 𝑘

= 1
2

( 𝑘
∑

𝓁=1
𝑝𝓁 ln 𝑝𝓁 −

𝑘
∑

𝓁=1
(𝑝𝓁 + 𝑢𝓁) ln

𝑝𝓁 + 𝑢𝓁
2

− ln 𝑘
)

. (4)

Then, the Disequilibrium can be defined by

𝑄[𝒑] = 𝑄0D[𝒑, 𝒖], (5)

where 𝑄0 = −2 [(𝑘 + 1)𝑘−1 ln(𝑘 + 1) − 2 ln(2𝑘) + ln 𝑘]−1 is a normaliza-
ion constant [21, Eq. (24)].

Finally, following the approach introduced in [21], the Statistical
Complexity of the vector of probability 𝒑 can be defined by

𝐶[𝒑] = 𝑄[𝒑]𝐻[𝒑]. (6)

4. Multinomial distribution

Meanwhile the Binomial distribution counts the number of success
in a sequence of 𝑛 independent trials of Bernoulli’s essays with probabil-
ty of success equal to 𝑝 (i.e., there are only two possible outcomes), the
ultinomial distribution is a generalization for 𝑘 > 2 outcomes. Thus,

he Multinomial distribution is adequate to model the probability of
each outcome occurring in an experiment that has multiple categories.

In this work, we consider a process that has 𝑘 accessible states
ith the associated vector of probability 𝒑 = (𝑝1, 𝑝2,… , 𝑝𝑘). Let 𝑵 =

(𝑁1, 𝑁2,… , 𝑁𝑘) be the random vector that counts the number of oc-
currences of these states in 𝑛 independent trials, with ∑𝑘

𝓁=1 𝑁𝓁 = 𝑛.
Then, the joint distribution of 𝑵 is

Pr
(

𝑵 = (𝑛1, 𝑛2,… , 𝑛𝑘)
)

= 𝑛!
𝑘
∏ 𝑝𝑛𝓁𝓁 , (7)

𝓁=1 𝑛𝓁!

https://github.com/arey1911/StatOrdPattHxC/
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where 𝑛𝓁 ≥ 0 and ∑𝑘
𝓁=1 𝑛𝓁 = 𝑛. In other words, 𝑵 has a Multinomial

distribution with parameters 𝑛 and 𝒑 = (𝑝1, 𝑝2,… , 𝑝𝑘), which is denoted
by 𝑵 ∼ Mult(𝑛,𝒑). In this case, the maximum likelihood estimator
(MLE) of 𝒑 is 𝒑̂𝑛 = 𝑵∕𝑛.

It is known that
√

𝑛(𝒑̂𝑛 − 𝒑)


←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞

 (𝟎,𝜮𝒑), (8)

where 𝜮𝒑 = 𝐃𝒑 − 𝒑′𝒑, 𝒑′ denotes the transpose of 𝒑, and 𝐃𝒑 =
iag(𝑝1, 𝑝2,… , 𝑝𝑘). Therefore:

(𝜮𝒑)𝓁𝑗 =

{

𝑝𝓁(1 − 𝑝𝓁) if 𝓁 = 𝑗,
−𝑝𝓁𝑝𝑗 if 𝓁 ≠ 𝑗.

(9)

5. Asymptotic results

In this section we compute the asymptotic distribution of the Sta-
tistical Complexity. We need the asymptotic distribution of its two
components: the Entropy (Section 5.1) and the Disequilibrium (Sec-
tion 5.2). The Entropy and the Disequilibrium are asymptotically nor-
mally distributed, but they are not independent, so we rely on a
esult about the product of two correlated Normal random variables
o obtain the asymptotic distribution of the Statistical Complexity (Sec-

tion 5.3). We obtain their exact correlation with a variables transfor-
ation (Appendix, Lemma 1). The resulting distribution is numerically

intractable, therefore, we apply another approximation and obtain a
useful asymptotic distribution for the Statistical Complexity: a Normal
law with mean and variance given in (43) and (44), respectively.

The obtained results are based on the multivariate version of the
Delta Method [22, Theorem 8.22]. This technique requires the defi-
ition of real-functions continuously differentiable in a neighborhood
f the parameter point (in our case, 𝒑) and whose matrix of partial
erivatives is non-singular in this neighborhood.

Due to our interest in finding the asymptotic distribution of unidi-
ensional variables, we recall the following result [23, Theorem 5.2].

Let 𝒁 ∼  (𝝁,𝜮) be a 𝑘-dimensional multivariate Normal distribution
with mean vector 𝝁 ∈ R𝑘 and covariance matrix 𝜮 = (𝜎𝓁𝑗 ) ∈ R𝑘×𝑘.
For 𝒂 ∈ R𝑘, define the unidimensional random variable 𝑈 as the inner
product 𝑈 = ⟨𝒂,𝒁⟩, then

𝑈 ∼ 

(

⟨𝒂,𝝁⟩,
𝑘
∑

𝓁=1
𝑎2𝓁𝜎𝓁 𝓁 + 2

𝑘−1
∑

𝓁=1

𝑘
∑

𝑗=𝓁+1
𝑎𝓁𝑎𝑗𝜎𝓁𝑗

)

. (10)

5.1. Asymptotic distribution of the entropy

The Entropy is crucial in the treatment of the Statistical Complexity
since it is one of the factors in (6).

Ref. [14] proves that the Shannon entropy of the sequence 𝒑̂𝑛
onverges in distribution since
√

𝑛
(

𝐻[𝒑̂𝑛] −𝐻[𝒑]
) 
←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞


(

0, 𝜎2𝒑
)

, (11)

where

𝜎2𝒑 = 1
ln2 𝑘

[ 𝑘
∑

𝓁=1
𝑝𝓁(1 −𝑝𝓁)(ln 𝑝𝓁 + 1)2− 2

𝑘−1
∑

𝑗=1

𝑘
∑

𝓁=𝑗+1
𝑝𝑗𝑝𝓁(ln 𝑝𝑗 + 1)(ln 𝑝𝓁 + 1)

]

.

(12)

The proof relies on the multivariate Delta Method applied to the
sequence 𝒑̂ .
3

𝑛

5.2. Asymptotic distribution of the disequilibrium

We apply the multivariate Delta Method to the sequence 𝒑̂𝑛 to find
the asymptotic distribution of the Jensen–Shannon divergence D[𝒑̂, 𝒖],
using the following functions:

ℎ𝓁(𝑝1, 𝑝2,… , 𝑝𝑘) = 𝑝𝓁 ln 𝑝𝓁 − (𝑝𝓁 + 1∕𝑘) ln 𝑝𝓁 + 1∕𝑘
2

, (13)

for 𝓁 = 1, 2,… , 𝑘. Direct computations show that
𝜕 ℎ𝓁
𝜕 𝑝𝓁

= (1 + ln 𝑝𝓁) −
(

1 + ln 𝑝𝓁 + 1∕𝑘
2

)

= ln 𝑝𝓁 − ln 𝑝𝓁 + 1∕𝑘
2

, and

𝜕 ℎ𝑗
𝜕 𝑝𝓁

= 0 if 𝑗 ≠ 𝓁. (14)

Thus, using (8), the covariance matrix of the multivariate Normal limit
istribution is

𝜮𝛥
𝒑 =

(

𝜕 ℎ𝓁
𝜕 𝑝𝑗

)

𝜮𝒑

(

𝜕 ℎ𝓁
𝜕 𝑝𝑗

)′
. (15)

After matrix product calculation, we obtain that

(𝜮𝛥
𝒑)𝓁𝑗 =

⎧

⎪

⎨

⎪

⎩

(𝑝𝓁 − 𝑝2𝓁)
(

ln 𝑝𝓁 − ln 𝑝𝓁+1∕𝑘
2

)2 if 𝓁 = 𝑗,

−𝑝𝓁𝑝𝑗
(

ln 𝑝𝓁 − ln 𝑝𝓁+1∕𝑘
2

)(

ln 𝑝𝑗 − ln 𝑝𝑗+1∕𝑘
2

)

if 𝓁 ≠ 𝑗.
(16)

On the one hand, the conditions for the multivariate Delta Method
re verified if 𝑝𝓁 ≠ 0 for all 𝓁 = 1, 2,… , 𝑘. On the other hand, suppose

that there exists an unique 𝓁0 ∈ {1, 2,… , 𝑘} such that 𝑝𝓁0 = 0, then the
𝓁0th row and the 𝓁0th column of the covariance matrix 𝜮𝒑 are null. We
consider 𝜮̃𝒑 the matrix obtained from 𝜮𝒑 by removing the 𝓁0th row and
the 𝓁0th column. In this case, the covariance matrix 𝜮𝛥

𝒑 is computed as
in (15) replacing 𝜮𝒑 by 𝜮̃𝒑 and using the partial derivatives 𝜕 ℎ𝓁∕𝜕 𝑝𝑗
or all 𝓁, 𝑗 ∈ {1, 2,… , 𝑘}, such that 𝓁 ≠ 𝓁0 and 𝑗 ≠ 𝓁0. The procedure is

analogous if more than one probability vanishes.
Hence, we conclude that

√

𝑛
[

ℎ1(𝑝1) − ℎ1(𝑝1), ℎ2(𝑝2) − ℎ2(𝑝2),… , ℎ𝑘(𝑝𝑘) − ℎ𝑘(𝑝𝑘)
] 
←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞


(

𝟎,𝜮𝛥
𝒑
)

.

(17)

Applying (10) to (17) with 𝒂 = (1∕2, 1∕2,… , 1∕2), we directly have
the asymptotic distribution:
√

𝑛
(

D[𝒑̂, 𝒖] − D[𝒑, 𝒖]
)

=
√

𝑛
2

( 𝑘
∑

𝓁=1
𝑝𝓁 ln 𝑝𝓁 −

𝑘
∑

𝓁=1
(𝑝𝓁 + 𝑢𝓁) ln

𝑝𝓁 + 𝑢𝓁
2

−
𝑘
∑

𝓁=1
𝑝𝓁 ln 𝑝𝓁

+
𝑘
∑

𝓁=1
(𝑝𝓁 + 𝑢𝓁) ln

𝑝𝓁 + 𝑢𝓁
2

)


←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞


(

0, 𝜎2
D𝒑

)

, (18)

where

𝜎2
D𝒑 = 1

4

𝑘
∑

𝓁=1
(𝑝𝓁 − 𝑝2𝓁)

(

ln 𝑝𝓁 − ln 𝑝𝓁 + 1∕𝑘
2

)2
−

1
2

𝑘−1
∑

𝑗=1

𝑘
∑

𝓁=𝑗+1
𝑝𝓁𝑝𝑗

(

ln 𝑝𝓁 − ln 𝑝𝓁 + 1∕𝑘
2

) (
ln 𝑝𝑗 − ln 𝑝𝑗 + 1∕𝑘

2

)

.

Hence, the asymptotic distribution for the Disequilibrium is
√

𝑛
(

𝑄[𝒑̂] −𝑄[𝒑]
)

=
√

𝑛
(

𝑄0D[𝒑̂, 𝒖] −𝑄0D[𝒑, 𝒖]
) 
←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞


(

0, 𝑄2
0𝜎

2
D𝒑

)

. (19)

5.3. Asymptotic distribution of the statistical complexity

We denote the normalized Shannon Entropy asymptotic mean by

𝜇𝒑 = − 1
𝑘
∑

𝑝𝓁 ln 𝑝𝓁 = 𝐻[𝒑], (20)

ln 𝑘

𝓁=1



Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 193 (2025) 116085A. Rey et al.



a

c

d
b

𝐴

t
𝑄

𝛿

𝜇

and the Jensen–Shannon divergence asymptotic mean by

𝜇D𝒑 = 1
2

𝑘
∑

𝓁=1

[

𝑝𝓁 ln 𝑝𝓁 − (𝑝𝓁 + 1∕𝑘) ln 𝑝𝓁 + 1∕𝑘
2

]

− ln 𝑘
2

. (21)

For 𝑛 sufficiently large, by (11) and (18), we can assume that 𝐻[𝒑̂] ∼
(𝜇𝒑, 𝜎𝒑2∕𝑛) and D[𝒑̂, 𝒖] ∼  (𝜇D𝒑, 𝜎2D𝒑∕𝑛).
The correlation coefficient between the Jensen–Shannon divergence

nd the normalized Shannon Entropy is defined by

𝜌 =
cov

(

D[𝒑̂, 𝒖], 𝐻[𝒑̂]
)

√

Var (D[𝒑̂, 𝒖]) Var(𝐻[𝒑̂]
)

=
E
(

D[𝒑̂, 𝒖]𝐻[𝒑̂]
)

− 𝜇D𝒑𝜇𝒑
𝜎D𝒑𝜎𝒑∕𝑛

. (22)

Notice that this result coincides with the one obtained by Corollary 1
from Appendix. To compute the expected value E(D[𝒑̂, 𝒖]𝐻[𝒑̂]), we use
the results presented in Appendix. First, notice that

D[𝒑̂, 𝒖] ±𝐻[𝒑̂] = 𝐻𝑆

[

𝒑̂ + 𝒖
2

]

− 1
2
𝐻𝑆 [𝒑̂] − 1

2
ln 𝑘 ± 1

ln 𝑘
𝐻𝑆 [𝒑̂]. (23)

Thus,

D[𝒑̂, 𝒖] ±𝐻[𝒑̂] = −
𝑘
∑

𝓁=1

𝑝𝓁 + 𝑢𝓁
2

ln
𝑝𝓁 + 𝑢𝓁

2
+ 1

2

𝑘
∑

𝓁=1
𝑝𝓁 ln 𝑝𝓁 − 1

2
ln 𝑘

∓ 1
ln 𝑘

𝑘
∑

𝓁=1
𝑝𝓁 ln 𝑝𝓁

= 1
2

(

ln 𝑘 ∓ 2
ln 𝑘

𝑘
∑

𝓁=1
𝑝𝓁 ln 𝑝𝓁 −

𝑘
∑

𝓁=1
(𝑝𝓁 + 𝑢𝓁) ln

𝑝𝓁 + 𝑢𝓁
2

− ln 𝑘
)

.

(24)

We consider the following functions:

𝑔±𝓁 (𝑝1, 𝑝2,… , 𝑝𝑘) = ln 𝑘 ∓ 2
ln 𝑘

𝑝𝓁 ln 𝑝𝓁 − (𝑝𝓁 + 1∕𝑘) ln 𝑝𝓁 + 1∕𝑘
2

, (25)

for 𝓁 = 1, 2,… , 𝑘. The partial derivatives are
𝜕 𝑔±𝓁
𝜕 𝑝𝓁

= ln 𝑘 ∓ 2
ln 𝑘

(1 + ln 𝑝𝓁) − 1 − ln 𝑝𝓁 + 1∕𝑘
2

, and

𝜕 𝑔±𝑗
𝜕 𝑝𝓁

= 0 if 𝑗 ≠ 𝓁. (26)

Thus, the covariance matrix of the multivariate Normal limit distribu-
tion is

𝜮±
𝒑 =

(

𝜕 𝑔±𝓁
𝜕 𝑝𝑗

)

𝜮𝒑

(

𝜕 𝑔±𝓁
𝜕 𝑝𝑗

)′

, (27)

where

(𝜮±
𝒑 )𝓁 𝓁 =(𝑝𝓁 − 𝑝2𝓁)

[

ln 𝑘 ∓ 2
ln 𝑘

(1 + ln 𝑝𝓁) − 1 − ln 𝑝𝓁 + 1∕𝑘
2

]2
, and

(𝜮±
𝒑 )𝓁𝑗 = − 𝑝𝓁𝑝𝑗

[

ln 𝑘 ∓ 2
ln 𝑘

(1 + ln 𝑝𝓁) − 1 − ln 𝑝𝓁 + 1∕𝑘
2

]

[

ln 𝑘 ∓ 2
ln 𝑘

(1 + ln 𝑝𝑗 ) − 1 − ln 𝑝𝑗 + 1∕𝑘
2

]

if 𝓁 ≠ 𝑗 . (28)

By the multivariate Delta Method applied to the sequence 𝒑̂𝑛, we
onclude that
√

𝑛
[

𝑔±1 (𝑝1) − 𝑔±1 (𝑝1), 𝑔±2 (𝑝2) − 𝑔±2 (𝑝2),… , 𝑔±𝑘 (𝑝𝑘) − 𝑔±𝑘 (𝑝𝑘)
] 
←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞


(

𝟎, 𝛴±
𝒑
)

.

(29)

Hence, applying (10) with 𝒂 = (1∕2, 1∕2,… , 1∕2), it holds that
√

𝑛
(

D[𝒑̂, 𝒖] ±𝐻[𝒑̂] − D[𝒑, 𝒖] ∓𝐻[𝒑]
) 
←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞


(

0, 𝜎2𝒑±
)

, (30)

where

𝜎2𝒑± = 1
4

𝑘
∑

𝓁=1
(𝑝𝓁 − 𝑝2𝓁)

[

ln 𝑘 ∓ 2
ln 𝑘

(1 + ln 𝑝𝓁) − 1 − ln 𝑝𝓁 + 1∕𝑘
2

]2
−

1
2

𝑘−1
∑

𝑘
∑

𝑝𝓁𝑝𝑗

[

ln 𝑘 ∓ 2
ln 𝑘

(1 + ln 𝑝𝓁) − 1 − ln 𝑝𝓁 + 1∕𝑘
2

]

4

𝑗=1 𝓁=𝑗+1
[

ln 𝑘 ∓ 2
ln 𝑘

(1 + ln 𝑝𝑗 ) − 1 − ln 𝑝𝑗 + 1∕𝑘
2

]

. (31)

Let

𝜇𝒑± = 1
2

𝑘
∑

𝓁=1

[

ln 𝑘 ∓ 2
ln 𝑘

𝑝𝓁 ln 𝑝𝓁 − (𝑝𝓁 + 1∕𝑘) ln 𝑝𝓁 + 1∕𝑘
2

]

− ln 𝑘
2

. (32)

By Lemma 1, Appendix, with 𝑋 = D[𝒑̂, 𝒖] and 𝑌 = 𝐻[𝒑̂], we have that

E(D[𝒑̂, 𝒖]𝐻[𝒑̂]) = 1
4
(𝜎2𝒑+ + 𝜇2

𝒑+ − 𝜎2𝒑− − 𝜇2
𝒑− ). (33)

Replacing in (22), the correlation coefficient between D[𝒑̂, 𝒖] and 𝐻[𝒑̂]
is

𝜌 =
𝜎2𝒑+ + 𝑛𝜇2

𝒑+ − 𝜎2𝒑− − 𝑛𝜇2
𝒑− − 4𝜇D𝒑𝜇𝒑

4𝜎D𝒑𝜎𝒑
. (34)

Let 𝐾𝜈 (⋅) denote the modified Bessel function of the second kind and
order 𝜈, defined in Ref. [24, formula 8.485] as:

𝐾𝜈 (𝑥) = 𝜋
2
𝐼−𝜈 (𝑥) − 𝐼𝜈 (𝑥)

sin(𝜈 𝑥) , (35)

with

𝐼𝜈 (𝑥) =
+∞
∑

𝑎=0

1
𝑎!𝛤 (𝑎 + 𝜈 + 1)

(𝑥
2

)2𝑎+𝜈
, (36)

as defined in Ref. [24, formula 8.445]. Applying [25, Theorem 2.1], the
istribution of the product 𝑊 [𝒑̂] = D[𝒑̂, 𝒖]𝐻[𝒑̂] with support 𝑤 ≥ 0, can
e expressed as:

𝑓𝑊 (𝑤) = exp[𝑅(𝑤)]
+∞
∑

𝑎=0

2𝑎
∑

𝑏=0
𝐴𝑎,𝑏(𝑤)𝐾𝑏−𝑎[𝑆(𝑤)], (37)

where

𝑅(𝑤) = − 𝑛
2(1 − 𝜌2)

(

𝜇2
D𝒑

𝜎2
D𝒑

+
𝜇𝒑2

𝜎𝒑2
−

2𝜌(𝑤 + 𝜇D𝒑𝜇𝒑)
𝜎D𝒑𝜎𝒑

)

, (38)

𝑆(𝑤) = 𝑛𝑤
(1 − 𝜌2)𝜎D𝒑𝜎𝒑

, (39)

𝑎,𝑏(𝑤) =
𝑛2𝑎+1𝑤𝑎𝜎𝑏−𝑎−1

D𝒑

𝜋(2𝑎)!(1 − 𝜌2)2𝑎+1∕2𝜎𝑏−𝑎+1𝒑

(

2𝑎
𝑏

)

(

𝜇D𝒑

𝜎2
D𝒑

−
𝜌𝜇𝒑

𝜎D𝒑𝜎𝒑

)𝑏

×

(

𝜇𝒑
𝜎𝒑2

−
𝜌𝜇D𝒑

𝜎D𝒑𝜎𝒑

)2𝑎−𝑏

. (40)

We finally conclude that, for 𝑛 sufficiently large, the asymptotic dis-
ribution of the Statistical Complexity 𝐶[𝒑̂] = 𝑄[𝒑̂]𝐻[𝒑̂] =
0D[𝒑̂, 𝒖]𝐻[𝒑̂] is

𝐹𝐶 (𝑥) = 𝐹𝑊

(

𝑄−1
0 𝑥

)

. (41)

In other words, the probability density function of the Statistical Com-
plexity for 𝑥 > 0 is

𝑓𝐶 (𝑥) = 𝑄−1
0 𝑓𝑊

(

𝑄−1
0 𝑥

)

=

𝑄−1
0

{

exp
[

𝑅
(

𝑄−1
0 𝑥

)

]

+∞
∑

𝑎=0

2𝑎
∑

𝑏=0
𝐴𝑎,𝑏

(

𝑄−1
0 𝑥

)

𝐾𝑏−𝑎

[

𝑆
(

𝑄−1
0 𝑥

)

]

}

. (42)

Let 𝛿𝑄 = 𝑛𝜇D𝒑∕𝜎D𝒑 and 𝛿𝐻 = 𝑛𝜇𝒑∕𝜎𝒑. For 𝑛 sufficiently large,
𝑄 and 𝛿𝐻 tend to infinity, and the series in (42) converges very

slowly [26]. With this in mind, and using Ref. [27, Theorem 2.5], we
can approximate the distribution of 𝐶[𝒑̂] by a Normal law with mean
𝐶 and variance 𝜎2𝐶 given by

𝜇𝐶 = 𝑄0𝜎D𝜎𝒑∕𝑛
(

𝛿𝑄𝛿𝐻 + 𝜌
)

, and (43)

𝜎2𝐶 = 𝑄2
0𝜎

2
D
𝜎2𝒑∕𝑛

2(𝛿2𝑄 + 𝛿2𝐻 + 2𝜌𝛿𝑄𝛿𝐻 + 1 + 𝜌2
)

. (44)

These expressions are available as the functions meanC and varC
in the StatOrdPattHxC package available at https://github.com/
arey1911/StatOrdPattHxC/. These functions depend on the probability

https://github.com/arey1911/StatOrdPattHxC/
https://github.com/arey1911/StatOrdPattHxC/
https://github.com/arey1911/StatOrdPattHxC/
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function and on the number of trials.

5.4. Generating moment function of the statistical complexity

In this section we compute the limit generating moment function
(GMF) of the Statistical Complexity as an alternative characterization
of its distribution.

The asymptotic distributions given by (11) and (18) imply that, for 𝑛
sufficiently large, 𝐻[𝒑̂] ∼  (𝜇𝒑, 𝜎𝒑2∕𝑛) and 𝑄[𝒑̂] ∼ 
(𝑄0𝜇D𝒑, 𝑄2

0𝜎
2
D𝒑∕𝑛). Then, since the Statistical Complexity 𝐶[𝒑̂] is de-

fined as the product of these two random variables that are asymp-
totically Gaussian, we can apply Theorem 1, Appendix, to compute its

MF, obtainig the following expression:

𝑀𝐶 (𝑡) =
exp

{

(𝛿2𝑄 + 𝛿2𝐻 − 2𝜌𝛿𝑄𝛿𝐻 )𝑡2𝑄2
0𝜎

2
D𝒑𝜎

2
𝒑∕ ln2 𝑘 + 2𝑡𝑄0𝜇D𝒑𝜇𝒑∕ ln 𝑘

2[1 − 2𝑡𝜌𝑄0𝜎D𝒑𝜎𝒑∕ ln 𝑘 − (1 − 𝜌2)𝑡2𝑄2
0𝜎

2
D𝒑𝜎2

𝒑∕ ln2 𝑘]

}

√

1 − 2𝑡𝜌𝑄0𝜎D𝒑𝜎𝒑∕ ln 𝑘 − (1 − 𝜌2)𝑡2𝑄2
0𝜎

2
D𝒑𝜎2

𝒑∕ ln2 𝑘
,

(45)

where 𝛿𝑄 = 𝑛𝜇D𝒑∕𝜎D𝒑, 𝛿𝐻 = 𝑛𝜇𝒑∕𝜎𝒑 and 𝜌 is the correlation coefficient
between the Disequilibrium and the normalized Shannon Entropy,
given in (34).

6. Numerical validation

In this section, we conduct experiments to validate the theoretical
results proved in Section 5.

6.1. Independent patterns

Since the asymptotic results fail in the case of white noise [28],
we consider the following cases described by the vector of probability
𝒑 = (𝑝1, 𝑝2,… , 𝑝𝑘) from the Multinomial model:

1. Linear (Lin): 𝑝𝓁 = 2𝓁∕[𝑘(𝑘 + 1)], for 𝓁 = 1, 2,… , 𝑘.
2. One-Almost-Zero (OAZ): 𝑝𝓁 = 1∕𝑘 for 𝓁 = 1, 2,… , 𝑘− 2, 𝑝𝑘−1 = 𝜀0,

and 𝑝𝑘 = 2∕𝑘 − 𝜀0 with 𝜀0 = 2.220 446 × 10−16, machine epsilon
in R [29], the smallest positive number that, when added to 1,
yields a result different from 1.

3. Half-and-Half (HaH): 𝑝𝓁 = 1∕𝑘 + 𝜀∕𝑘 for 𝓁 = 1, 2,… , 𝑘∕2, and
𝑝𝓁 = 1∕𝑘 − 𝜀∕𝑘 for 𝓁 = 𝑘∕2 + 1, 𝑘∕2 + 2,… , 𝑘, with 𝜀 ∈
{0.1, 0.3, 0.5, 0.7, 0.9}.

Fig. 2 illustrates these probability function with 𝑘 = 6 and 𝜀 =
.1, 0.3, 0.5, 0.7, 0.9.
5

The parameter values used in our numerical study are 𝑘 ∈
6, 12, 18, 24, 30} and 𝑛 ∈ {102𝑘, 103𝑘, 104𝑘, 105𝑘, 106𝑘}. For each 𝒑 of

each model (Lin, OAZ, and HaH with 𝜀 ∈ {0.1, 0.3, 0.5, 0.7, 0.9}), we
enerated 𝑅 = 500 vector samples of 𝑵 that record the frequencies
f 𝑛 independent states using the Mult(𝑛,𝒑) distribution. Then, for
ach vector sample 𝒑̂

̃
𝑟 (𝑟 = 1, 2,… , 𝑅; used 𝑅 = 500), we computed

he Statistical Complexity 𝑐𝑟 = 𝐶[𝒑̂
̃
𝑟]. For comparison, we generated

 sample of size 𝑅 under the Normal distribution  (𝜇𝐶 , 𝜎2𝐶 ) that
pproximates the asymptotic distribution of 𝑐1, 𝑐2,… , 𝑐𝑅. Then, we
pply the Kolmogorov–Smirnov (KS) test [30] to examine if these two
amples were drawn from the same distribution. Due to the randomness
f the generated samples, we replicated this procedure 𝑆 = 1000 times.
his procedure is illustrated in Algorithm 1. The proposed model fits

well in almost all the cases under study. Table 1 shows the twenty-
wo out of one hundred and seventy-five cases where the percentage
f 𝑝-values less than 0.01 is greater than 30%. However, we do not
ecommend approximating the Statistical Complexity distribution by
he  (𝜇𝐶 , 𝜎2𝐶 ) distribution if 𝑛 = 102𝑘. The approximation is not good
ith a relatively small number of trials, and improves as this value

ncreases.

6.2. Bandt–Pompe symbolization

Let 𝒙 = {𝑥1, 𝑥2,… , 𝑥𝑇 } be a time series. To apply the methodology
proposed by Bandt and Pompe [19], we consider an embedding dimen-
sion 𝐷 > 1 (such that 𝑇 ≫ 𝐷!) and an embedding time delay 𝜏 = 1. For
implicity in the notation, let 𝑘 = 𝐷!. Thus, the ordinal pattern symbols
re given by the 𝑘 permutations of the set {0, 1,… , 𝐷 − 1}, labeled by
1,𝝅2,… ,𝝅𝑘. A 𝐷-length partition of 𝒙 is a sequence 𝑥𝑡, 𝑥𝑡+1,… , 𝑥𝑡+𝐷−1,
ith 𝑡 ∈ {1, 2,… , 𝑇 − 𝐷 + 1}, is of type 𝝅𝑗 (𝑗 = 1, 2,… , 𝑘) if 𝑥𝑡+𝝅𝑗 (0) <
𝑡+𝝅𝑗 (1) < ⋯ < 𝑥𝑡+𝝅𝑗 (𝐷−1).

We treat the case of equal values as follows. Suppose that there
are indexes 𝑡0 ∈ {1, 2,… , 𝑇 − 𝐷 + 1}, 𝑠0 ∈ {0, 1,… , 𝐷 − 2}, and
𝑗0 ∈ {1, 2,… , 𝑘} such that

𝑥𝑡+𝝅𝑗0 (0) < 𝑥𝑡+𝝅𝑗0 (1) < ⋯ < 𝑥𝑡+𝝅𝑗0 (𝑠0) = 𝑥𝑡+𝝅𝑗0 (𝑠0+1) < ⋯ < 𝑥𝑡+𝝅𝑗0 (𝐷−1).

(46)

Define the permutation 𝝅𝑗0 as 𝝅𝑗0 (𝑠0) = 𝝅𝑗0 (𝑠0 + 1), 𝝅𝑗0 (𝑠0 + 1) = 𝝅𝑗0 (𝑠0),
and 𝝅𝑗0 (𝑠) = 𝝅𝑗0 (𝑠) for all 𝑠 ∈ {0, 1,… , 𝐷 − 2} and 𝑠 ≠ 𝑠0, 𝑠0 + 1. Thus,
xpression (46) can be rewritten as

𝑥𝑡+𝝅𝑗0 (0) < 𝑥𝑡+𝝅𝑗0 (1) < ⋯ < 𝑥𝑡+𝝅𝑗0 (𝑠0) = 𝑥𝑡+𝝅𝑗0 (𝑠0+1) < ⋯ < 𝑥𝑡+𝝅𝑗0 (𝐷−1).
(47)
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Algorithm 1: Assessment of the empirical distribution of the Statis-
ical Complexity under the Multinomial model
Input: Number of possible patterns 𝐾 = {6, 12, 18, 24, 30}
Input: Models  = {Lin,OAZ,HaH(𝜀)}, with

𝜀 ∈ {0.1, 0.3, 0.5, 0.7, 0.9}
nput: Number of experiments 𝑆 = 1000
nput: Number of replications 𝑅 = 500
Input: Threshold 𝜂 = 0.01
Output: Proportion of 𝑝-values smaller than 𝜂 for each number of

possible patterns and each model
for each number of possible patterns 𝑘 ∈ 𝐾 do

for each model 𝑀 ∈  do
Compute the asymptotic mean 𝜇𝐶 and variance 𝜎2𝐶 under 𝑘
and 𝑀
for each experiment 1 ≤ 𝑠 ≤ 𝑆 do

for each number of trials
𝑛 ∈ {102𝑘, 103𝑘, 104𝑘, 105𝑘, 106𝑘} do
for each replication 1 ≤ 𝑟 ≤ 𝑅 do

Produce the observation 𝒏
̃𝑟

from the
Multinomial model Mult(𝑛,𝒑)

Compute the sample probability 𝒑̂
̃
𝑟 = 𝒏

̃𝑟
∕𝑛

Compute the sample statistical Complexity
𝑐𝑟 = 𝐶[𝒑̂

̃
𝑟]

Produce a sample 𝑧𝑟 from the Normal
distribution with mean 𝜇𝐶 and variance 𝜎2𝐶

Compute 𝑝-val𝑟 the 𝑝-value of the Kolmogorov-Smirnov
test that compares (𝑐1, 𝑐2,… , 𝑐𝑅) and (𝑧1, 𝑧2,… , 𝑧𝑅)

Count the number of 𝑝-values in (𝑝-val1, 𝑝-val2,… , 𝑝-val𝑆 )
that are smaller than 𝜂

Table 1
Percentage (greater than 30%) the 𝑝-value of the KS test between the sample
omplexities 𝑐1 , 𝑐2 ,… , 𝑐𝑅 and the sample 𝑧1 , 𝑧2 ,… , 𝑧𝑅 from the  (𝜇𝐶 , 𝜎2

𝐶 ) distribution
is smaller than 0.01.

Model 𝑘 𝑛 Percentage of 𝑝-values < 0.01

Lin 6 6 × 102 41.7%
12 12 × 102 42.8%

OAZ

6 6 × 102 52.1%
12 12 × 103 41.9%
18 18 × 103 38.1%
30 30 × 104 31.9%

HaH1

6 6 × 103 48.1%
18 18 × 104 36.6%
24 24 × 104 49.8%
30 30 × 104 51.2%

HaH3

6 6 × 102 44.7%
18 18 × 103 44.6%
24 24 × 103 52.6%
30 30 × 103 47.4%

HaH5 6 6 × 102 43.3%
12 12 × 102 34.7%

HaH7
6 6 × 102 32.3%
12 12 × 102 51.9%
18 18 × 102 37.1%

HaH9
6 6 × 102 38.5%
12 12 × 102 52.4%
18 18 × 102 41.0%

The sequence 𝑥𝑡0 , 𝑥𝑡0+1,… , 𝑥𝑡0+𝐷−1 is of type 𝝅𝑗0 if 𝝅𝑗0 (𝑡0+𝑠0) < 𝝅𝑗0 (𝑡0+
𝑠0), and of type 𝝅𝑗0 , otherwise.

To illustrate these definitions, consider the realization 𝒙 =
{7, 8, 6, 9, 9, 7, 5, 1} of length 𝑇 = 8. If 𝐷 = 3 (𝑘 = 6), the permutations
f the elements {0, 1, 2} can be labeled as 𝝅1 = (0, 1, 2), 𝝅2 = (0, 2, 1),
3 = (1, 0, 2), 𝝅4 = (1, 2, 0), 𝝅5 = (2, 0, 1), and 𝝅6 = (2, 1, 0). Hence, there
6

Table 2
Type of permutation for the 3-length partitions of the time series 𝒙 = {7, 8, 6, 9, 9, 7, 5,
}.
𝑡 Partition Ordering Type of permutation

1 𝑥1 = 7, 𝑥2 = 8, 𝑥3 = 6 𝑥3 < 𝑥1 < 𝑥2 → 𝑥𝑡+2 < 𝑥𝑡+0 < 𝑥𝑡+1 𝝅5 = (2, 0, 1)
2 𝑥2 = 8, 𝑥3 = 6, 𝑥4 = 9 𝑥3 < 𝑥2 < 𝑥4 → 𝑥𝑡+1 < 𝑥𝑡+0 < 𝑥𝑡+2 𝝅3 = (1, 0, 2)
3 𝑥3 = 6, 𝑥4 = 9, 𝑥5 = 9 𝑥3 < 𝑥4 = 𝑥5 → 𝑥𝑡+0 < 𝑥𝑡+1 = 𝑥𝑡+2 𝝅1 = (0, 1, 2)
4 𝑥4 = 9, 𝑥5 = 9, 𝑥6 = 7 𝑥6 < 𝑥4 = 𝑥5 → 𝑥𝑡+2 < 𝑥𝑡+0 = 𝑥𝑡+1 𝝅5 = (2, 0, 1)
5 𝑥5 = 9, 𝑥6 = 7, 𝑥7 = 5 𝑥7 < 𝑥6 < 𝑥5 → 𝑥𝑡+2 < 𝑥𝑡+1 < 𝑥𝑡+0 𝝅6 = (2, 1, 0)
6 𝑥6 = 7, 𝑥7 = 5, 𝑥8 = 1 𝑥8 < 𝑥7 < 𝑥6 → 𝑥𝑡+2 < 𝑥𝑡+1 < 𝑥𝑡+0 𝝅6 = (2, 1, 0)

Table 3
Empirical (𝜇 and 𝜎2) and theoretical results of applying the model  (𝜇𝐶 , 𝜎2

𝐶 ) to the
processes RW and TS ±1.

Process 𝜇 𝜇𝐶 𝜎2 𝜎2
𝐶 𝑝-value KS test

RW 0.0306966 0.0305958 4.644 × 10−6 4.996 × 10−6 0.2093
TS±1 0.1829974 0.1829423 3.529 × 10−6 3.603 × 10−6 0.6125

are six 3-length partitions of 𝒙 characterized as shown in Table 2.
We can obtain a sequence of ordinal patterns 𝜋1, 𝜋2,… , 𝜋𝑇−𝐷+1 from

𝒙. Notice that, due to the overlapping of 𝐷 − 1 consecutive partitions,
he sequence of ordinal patterns is correlated. However, we assume
ndependence as a simplification and apply our proposal using the
ultinomial model, where the probability function 𝒑 is defined as

ollows. For 𝑗 = 1, 2,… , 𝑘, the probability of occurrence of the symbol
𝑗 is given by

𝑝𝑗 = Pr (𝝅𝑗 ) = #{𝐷-length partitions of 𝒙 of type 𝝅𝑗}
𝑇 −𝐷 + 1 . (48)

We use two well-known processes to validate the proposed method-
logy. First, we recall that a random walk (RW) is recursively generated
y the formula

𝑥𝑡 = 𝑥𝑡−1 + 𝜉𝑡, (49)

where 𝜉𝑡 is a component standard Normal distributed. The expression
for the theoretical vector of ordinal pattern probability [31, Eq. (41)]
s

𝒑(RW) =
( 1
4
, 1
8
, 1
8
, 1
8
, 1
8
, 1
4

)

. (50)

We also consider a time series of equiprobable independent obser-
vations in the set {−1, 1}, denoted by ‘‘TS±1’’. The expression for the
theoretical vector of ordinal pattern probability [32, Example 1] is
𝒑(TS±1) =

(1
2
, 1
8
, 1
8
, 1
8
, 1
8
, 0
)

. (51)

We conducted a Monte Carlo numerical experiment by generating
𝑅 = 103 time series of length 𝑁 = 𝐷!103 for each one of these two
rocesses using the embedding dimension 𝐷 = 3. Then, for each time
eries, we computed the Statistical Complexity, 𝐶. Table 3 shows the
mpirical and theoretical asymptotic means and variances related to

each process, as well as the 𝑝-values of the KS test used to see if the
sample of the Statistical Complexity was drawn from the  (𝜇𝐶 , 𝜎2𝐶 )
istribution. Besides, the corresponding empirical densities and his-
ograms using the Freedman–Diaconis rule [33], together with the

asymptotic distribution, are presented in Fig. 3. These results suggest
that the proposed asymptotic model is a good approximation for these
processes.

7. Conclusions

We have obtained an approximate distribution for the Statistical
Complexity, as defined by López-Ruiz et al. [8]. This asymptotic result
relies on the limit distribution of the normalized Shannon Entropy,
the limit distribution of the normalized Jensen–Shannon distance to
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Fig. 3. Histograms, empirical density (in green), and asymptotic model (in red) of the processes RW (left) and TS±1 (right).
the uniform model, the distribution of the product of two correlated
normally-distributed random variables, and an approximation for the
terms that, for a large number of observations, produce numerical
nstabilities.

We provided R functions that implement the asymptotic mean and
ariance of the Statistical Complexity, and verified that the approxi-
ate model is a good description in a variety of situations, including

ndependent observations and symbols obtained with the Bandt &
Pompe approach.

This asymptotic result can be used to devise tests statistics as in
ef. [15]. Such tests will enhance otherwise qualitative assessments
uch as in Ref. [34].
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Appendix. Product of two Gaussian random variables

In this Appendix, we present two results concerning probabilistic
roperties of the product of two random variables following a Normal
istribution.

Lemma 1. Let 𝑋 and 𝑌 be two random variables. Consider the variables
given by their sum 𝑆 = 𝑋 + 𝑌 and their difference 𝑍 = 𝑋 − 𝑌 . If
𝑆 ∼  (𝜇𝑆 , 𝜎2𝑆 ) and 𝑍 ∼  (𝜇𝑍 , 𝜎2𝑍 ), then

E(𝑋 𝑌 ) = 1
4
{

(𝜎2𝑆 + 𝜇2
𝑆 ) − (𝜎2𝑍 + 𝜇2

𝑍 )
}

.

Proof. A direct computation shows that

𝑋 𝑌 = 1
4
(𝑋 + 𝑌 )2 − 1

4
(𝑋 − 𝑌 )2 = 1

4
(𝑆2 −𝑍2). (52)

Applying the expected value and using well-know properties, it holds
hat

E(𝑋 𝑌 ) = 1
4
{

E
(

𝑆2) − E(𝑍2)} = 1
4
{

Var (𝑆) + [E(𝑆)]2 − Var (𝑍) − [E(𝑍)]2
}

= 1
4
{

(𝜎2𝑆 + 𝜇2
𝑆 ) − (𝜎2𝑍 + 𝜇2

𝑍 )
}

. □ (53)
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Theorem 1. Let 𝑋 ∼  (𝜇𝑋 , 𝜎2𝑋 ) and 𝑌 ∼  (𝜇𝑌 , 𝜎2𝑌 ) be two Normal
random variables with correlation coefficient 𝜌. Denote 𝛿𝑋 = 𝜇𝑋∕𝜎𝑋 and
𝛿𝑌 = 𝜇𝑌 ∕𝜎𝑌 . The generating moment function of the random variable
𝑍 = 𝑋 𝑌 ∕(𝜎𝑋𝜎𝑌 ) is:

𝑀𝑍 (𝑡) = E(𝑒𝑡𝑍 ) = 1
√

𝑏(𝑡)
exp

𝑎(𝑡)
2𝑏(𝑡)

, (54)

where

𝑎(𝑡) = (𝛿2𝑋 + 𝛿2𝑌 − 2𝜌𝛿𝑋𝛿𝑌 )𝑡2 + 2𝛿𝑋𝛿𝑌 𝑡, and (55)

𝑏(𝑡) = [1 − (1 + 𝜌)𝑡][1 + (1 − 𝜌)𝑡] = 1 − 2𝜌𝑡 − (1 − 𝜌2)𝑡2. (56)

Proof. We refer to [26], where this result was proved. □

Corollary 1. Let 𝑋 ∼  (𝜇𝑋 , 𝜎2𝑋 ) and 𝑌 ∼  (𝜇𝑌 , 𝜎2𝑌 ) be two Normal
random variables. Then,

𝐸(𝑋 𝑌 ) = 𝜇𝑋𝜇𝑌 + 𝜌𝜎𝑋𝜎𝑌 , (57)

where 𝜌 is the correlation coefficient.

Proof. Denote 𝑐(𝑡) = 𝑎(𝑡)∕[2𝑏(𝑡)], where 𝑎(𝑡) and 𝑏(𝑡) are defined by
Eqs. (55) and (56), respectively. Notice that 𝑎(0) = 0, 𝑏(0) = 1, and
𝑐(0) = 1. On the other hand, the derivative of Eq. (54) is

𝑀 ′
𝑍 (𝑡) =

exp[𝑐(𝑡)]𝑐′(𝑡)
√

𝑏(𝑡) − exp[𝑐(𝑡)]𝑏′(𝑡)∕[2√𝑏(𝑡)]
𝑏(𝑡)

. (58)

Direct computations show that

𝑎′(𝑡) = 2(𝛿2𝑋 + 𝛿2𝑌 − 2𝜌𝛿𝑋𝛿𝑌 )𝑡 + 2𝛿𝑋𝛿𝑌 ⟹ 𝑎′(0) = 2𝛿𝑋𝛿𝑌 (59)

𝑏′(𝑡) = −2𝜌 − 2(1 − 𝜌2)𝑡 ⟹ 𝑏′(0) = −2𝜌, and (60)

𝑐′(𝑡) = 𝑎′(𝑡)𝑏(𝑡) − 𝑎(𝑡)𝑏′(𝑡)
2[𝑏(𝑡)2]

⟹ 𝑐′(0) = 𝑎′(0)𝑏(0) − 𝑎(0)𝑏′(0)
2[𝑏(0)2]

= 𝛿𝑋𝛿𝑌 . (61)

Since

E(𝑍) = 𝑀 ′
𝑍 (0) =

exp[𝑐(0)]𝑐′(0)
√

𝑏(0) − exp[𝑐(0)]𝑏′(0)∕[2√𝑏(0)]
𝑏(0)

= 𝛿𝑋𝛿𝑌 + 𝜌, (62)

we can conclude that

𝑀𝑋 𝑌 (𝑡) = E(𝑒𝑡𝑋 𝑌 ) = E(𝑒𝑡𝜎𝑋𝜎𝑌 𝑍 ) = 𝑀𝑍 (𝑡𝜎𝑋𝜎𝑌 ). (63)

Therefore, since 𝑀 ′
𝑋 𝑌 (𝑡) = 𝜎𝑋𝜎𝑌𝑀 ′

𝑍 (𝑡𝜎𝑋𝜎𝑌 ),

𝐸(𝑋 𝑌 ) = 𝑀 ′
𝑋 𝑌 (0) = 𝜎𝑋𝜎𝑌 (𝛿𝑋𝛿𝑌 + 𝜌) = 𝜇𝑋𝜇𝑌 + 𝜌𝜎𝑋𝜎𝑌 . □ (64)
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